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PROCEDURES  TOR  OBTAINING  BINOMIAL  PROBABILITIES 
WITHIN  THREE  DECIMAL  ACCURACY  UNIVERSALLY 


ABSTRACT 


This  self-contained  report  includes  methods,  graphs  and  tables  by 
which  binomial  probabilities  can  be  evaluated  with  errors  that  are  al¬ 
ways  less  than  substantially  0.001. 
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SUMMARY  OF  RECOMMENDED  PROCEDURES  FOR  OBTAINING 
VALUES  OF  THE  CUMULATIVE  BINOMIAL  PROBABILITY 
■  WITHIN  3 -DECIMAL  ACCURACY  UNIVERSALLY 


In  evaluating  the  emulative  Binomial  probability  B  or  B(c,n,p)  - 


n 

E 


n  l  pX  (l-p)3^  X  for  any  point  (c,n,p)  in  the  domain:  "0<p<l., 


x=c  x  i(n-x)  1 

l£n<oo,  0<c<ja,  the  whole  domain  is  divided  (see  Fig,  l)  into  six  regions 
in  which  respective  recommended  procedures  give  values  of  B  within  .001. 

In  region  1,  values  of  B  can  be  found  directly  from  a  table  (C5)  of 
emulative  Binomial  probabilities  for  ltn*20.  If  a  table  of  B  is  avail¬ 
able  for  other  values  of  n  and  p,  it  will  of  course  be  used;  otherwise 
the  following  approximations  to  B  are  available  for  use  in  the- other 
regions  as  stated  below.  Before  computing  any  values  of  these  approxi¬ 
mations,  one  can  refer  to  graphs  of  percentage  points  for  .001  and  .999, 
see  Figs.  14  and  13  of  the  report,  to  see  whether  it  is  necessary  to  com¬ 
pute  such  values. 


In  region  2,  one  can  use  the  Poisson  approximation  P(c,a)  =  E 


x  -a 
a  e 


by  entering  a  emulative  Poisson  term  table  (C7)  with  values  of  the  pair. 
(c,a).  Molina  has  published  convenient  tables  of  Poisson  terms  for 
a=np^l00  which  is  accordingly  taken  as  the  upper  limit  of  region  2.  For  a 
given  n,  the  maximum  error  decreases  as  p  approaches  zero,  from  .001  at 
the  righthand  boundary  of  this  region  at  p=.0C8for  n?20« 


In  region  3,  one  can  use  the  approximation 

=  P(°*a)  ~  np2 j^F(c ,a)  -  2F(c-l,a)  +  P(c-2,a^jwhere  P(0,a)=  P(-l,a)  = 

p(-2,a)  =  1,  by  entering  the  emulative  Poisson  table  with  (c,a),  (c-l,a) 
and  (c-2,a).  Phis  approximation  is  a  2-term  modification,  of  the  Gram- 
Charlier  series,  type  B.  The  maximum  error  of  this  approximation  decreases 
from  about  .001  at  p=.l,  for  n>20,  to  a  much  lower  value  at  the  stated 
righthand  boundary  of  region  2.  While  I^(c,a)  can  be  used  to  the  left  of 

the  last  named  boundary  with  less  than  .001  error,  this  is  not  necessary 
since  the  first  term,  P(c,a),  alone  provides  this  accuracy  there. 

In  region  4,  one  can  use  the  Normal  approximation 


rtc 


N(tc)  =1  0(t)dt  =  .5  - 


0(t)  dt  where  to  =(c-a-.5)/<y,  a=np,  cr  =  /hpcf. 


4 


'o 


-t2/2 

q=l-p  and  0(t)=  —A—  6  '  ,  by  entering  a  Normal  integral  table  (C6)  of 

t  „  .  ' 

values  of  I  ^(t)dt  with  values  of  t0.  The  maximum  error  of  this  approxi- 

J0 

mation  decreases  as  n  increases  and  as  p  approaches  .5,  being  about  .001 
at  p=.5  and  n=28  at  the  lower  end  of  the  lefthand  boundary  of  region  4. 
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In  region  5,  one  can  use  the  following  approximation  which  com¬ 
prises  the  Normal  Approximation,  N(t0),  and  the  second  term  of  the  Gram- 

Gharlier  series,  type  A: 

N  (t  )  =  N(t  )  -  -p-q  /2)(t  )  where  the  second  derivative 

A  C  C  C 

6  <T 

(2)  2 

/  (tQ)  =.(tc  -l)  /(t0).  One  uses  tc  in  entering  tables  (06)  of  the  * 

Normal  integral,  density  and/or  second  derivative  of  the  density.  The 
error  of  the  approximation  F^t^Jdoes  not  exceed  substantially  .001.  at 

the  lefthand  boundary  of  region  5.  This  error  decreases  as  n  increases, 
for  a  given  p,  and  as  p  approaches  .5,  for  a  given  n.  "While  this  approxi¬ 
mation  can  be  used  in  region  4  with  much  less  than  .001  error,  the 
second  term  is  of  course  not  needed  there  to  have  the  error  less  than  .001. 

In  region  6,  one  can  use  the  following  "remainder"  modification  of 
the  NA(tc)  approximation  with'less  than  .OOlerror  for  plural  values  of  c*: 

(  2  )  •  8  7 

EAr  =  N(tc)  +  (tc)  +  r(t0)/np  where  «  =  ,351  (  ,5-p) 

'  ,  (np)*53 

and  r(tc)  can  be  obtained  from  Fig.  9  of  the  report.  Alternatively,  0^ 

can  be  obtained  from  Fig.  8.  A_s  long  as  .lip<.5  and  a=np22,  this  approxi¬ 
mation  (NAr)  can  also  be  used  with  less  than  .001  error  for  values  of  n 

outside  region  6,  but  this  is  not  recommended  since  it  is  simpler  to  use 
tables  of  B  for  lower  n  and  the  respective  approximation  UA  or  N  for  higher 
n .  The  approximation  is  the  only  one,  recommended  for  cumulative  Bi¬ 
nomial  probabilities  in  the  report,  which  involves  empirical  coefficients 
or  curve-fitting o 


*For  c-0,'  use  B(o,n,p)=  1  and,  for  c=l  and  2<a<2„5,  use  B( l,n,p)  =l-qria 
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PREFACE 


In  many  fields  utilizing  probability  theory  or  mathematical 
statistics,  both  individual  and  cumulative  Binomial  probabilities 
must  be  readily  available  with  up  to  three-decimal  accuracy  for  in¬ 
creasingly  large  numbers  of  trials.  This  report  systematically 
treats  a  number  of  practical  procedures  for  obtaining  such  proba¬ 
bilities,  including  an  indication  of  respective  Normal  or  Poisson 
approximations  used  in  the  various  mapped  regions  and  the  accuracy 
attained. 

The  report  contains  graphs  and  formulas  for  readily  obtain¬ 
ing  cumulative  Binomial  probabilities*  within  three-decimal  accuracy 
everywhere.  For  instance,  Gram-Charlier  Series  of  types  A  and  B  are 
found  to  be  useful  in  the  regions  in  which  the  Normal  and  Poisson 
cumulative  approximations^  respectively,  are  the  more  accurate.  For 
convenient  reference  by  one  already  familiar  with  the  recommended, 
procedures,  a  summary  of  these  is  provided,  including  a  map  (Fig,  E-l), 
of  the  respective  regions  in  which  their  error  is  less  than  .001. 

Since  for  large  numbers  of  trials,  the  direct  computation  of  an  in¬ 
dividual  Binomial  probability  is  much  less  tedious  than  for  a  cumu¬ 
lative  value  which  involves  the  computation  of  many  individual  terms, 
no  corresponding  effort  has  been  made  toward  developing  like  means  for 
obtaining  individual  probabilities. 

Appended  are  alternative  methods,  typical  examples  of  commonly 
useful  procedures,  tables  used,  and  a  list  of  references*  Other 
points  of  related  interest  are  also  covered  in  the  appendices,  in¬ 
cluding  interpolation  procedures.  This  report  is  intended  to  in¬ 
clude  enough  background  and  introductory  material  for  its  field  use 
with  a  minimum  of  other  material  needed. 


* 


r  nl  PX  (l-p)n"X 
x=o  x  i(n-x)"  i 


is  the  cumulative  Binomial  probability 
or  chance  of  obtaining  at  least  o 
successes  in  n  trials  for  probability 
p  of  success  in  a  single  trial* 
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NOMEEC  LATURE 


B(c,n,p) 


c 

n 


P 

q.  =  i  -  p- 


(n) 


n  l=(n=n(n-l) 


np 


( T  = 


'npq 


t  —  era 
<r 


t„  =  c-a-.5 

O  ■  ■  ■  ■  ■  ■■■ 


^b=  G~a~l 

-  er 

E(tc)  or  N 


emulative  Binomial  probability,  or  B,  is  the  chance 
of  obtaining 

or  more  successes  (0£c£n)  in 

trials,  for  the  probability 

of  success  in  a  single  trial. 

probability  of  failure  in  a  single  trial. 

number  of  combinations  of  n  things  taken  x  at  a  time 

•••3*2*1  "n  factorial" 

expected  number  of  successes  in  n  trials. 

"sigma"  or  standard  deviation  of  the  number  of  successes. 

standard  deviate,  or  deviation  from  the  expected  number 
in  units  of  the  standard  deviation. 

standard  deviate  including  continuity  correction  of  .5 
Poisson  deviate  including  fitting  constant  of  !• 
emulative  Normal  probability  =B. 


0(t)  e 

/27T 


-t2/2 


standard  Normal  density  function,  tabulated  fortfsl 


/■2h\) 

na!V 

V 

asf(np»  »5-p) 
^c)' 

P(c,a) 

PB(c,a) 


second  derivative  of  Normal  density,  used  in  Gram-Charlier 

Series,  Type  A,  evaluated  at  t  . 

c 

cumulative  probability  for  GCA  series  for  tc® 

oumulative  probability  for  GCA  series  including  a  "remainder" 
correction  term. 

( 2) 

coefficient  for  J2r  '  term  of  GCAr  series,  eq.  22. 
coefficient  of  GCAr  remainder,  r(to)/np, 

r>J 

oumulative  Poisson  probability  “B, 

•cumulative  Gram-^harlier  series,  !fype  B,  probability 
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I 


w.  =  fj(t  )/er 
Pi  (x,a) 

V°'a) 

*MT 


Normal  approximation  to  =  N(.c=x)-—  U(c=x+l) 

individual  Poisson  term. 

cumulative  probability  of  GCBr  series,  eq.  A2* 

[16] 

deviate  for  a  recent  approximation  „ 
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IHTRODIE  IIOII 


Many  fields  of  endeavor  need  to  have  reasonably  accurate  values 
of  cumulative  Binomial  probabilities  B(c,n,p)  or  B  readily  available 
for  currently  large  numbers  n  of  trials.  B(c,n,p.)  is  the  chance  of 
obtaining  at  least  c  successes  in  n  trials.* .where. p  is  the  probability 

of  success  in  a  single  trial*  Tables  *  of  cumulative  Binomial 
probabilities  are  available  for  n  through  150*  Since  for  larger  n, 
the  direct  computation  of  B(c,n,p)  is  rather  involved  and  tedious, 
various  approximations  are  used  in  practice.  Different  approximations 
are  required  for  a  given' accuracy  in  different  .n,p  regions. 

Maps  of  these  regions  are  especially  needed  by  only  occasional 
users  since  the  respective  regions  of  applicability  of  the  several 
methods  are  too  numerous  to  be  kept  readily  in  mind.  A  systematic 
mapping  treatment  was  needed  so  that,  for  a  given  n,p  point,  or 
combination  of  sample  .size  n  and  chance  p  of  a  single  success,  one 
can  select  an  approximation  giving  the  necessary  accuracy.  Since 
such  a  treatment  was  not  found  in  the  literature,  it  is  a  main  pur¬ 
pose  of  this  work  to  fill  that  need. 

It  is  also  intended  that  this  report  complement  tables  of  B 
for  large  n  since  such  tables  are  so  extensive  that  they  are  not 
likely  to  be  available  to  one  having  only  occasional  need  for  values 
of  B.  Hence  there  appears  to  be  a  need  for  a  treatment  which  is  brief 
enough  for  field  or  occasional  use  and  yet  sufficiently  accurate  and 
nearly  enough  complete  to  serve  many  purposes. 

In  addition  to  the  material  required  for  field  use,  enough  in¬ 
troductory  material  has  been  included  to  facilitate  general  use  of 
this  report,  with  only  occasional  reference  to  sources.  The  aim  is 
to  make  it  useful  to  engineers,  mathematicians,  or  others,  without 
requiring  previous  training  in  statistics.  Since  the  present  treat¬ 
ment  may  also  serve  as  an  introduction  to  the  subject  of  probabilities 
for  many  readers,  a  partial,  cursory  review  is  included  of  some  of  the 
basic  or  elementary  concepts  to  facilitate  a  grasp  of  the  notation  of 
probability  by  those  previously  unfamiliar  with  it.  Biis  is  desirable 
because  such  concepts  enable  many  short  cuts  to  be  taken  in  the  compu¬ 
tation  of  cumulative  Binomial  probabilities. 

An  effort  has  been  made  to  permit  such  a  mathematician  or  engineer 
to  handle  the  simpler  cases  in  a  routine  manner.  But  complicated  or 
difficult  cases  are  more  readily  and  efficiently  handled  by  one  who  is 
familiar  with  this  specialized  field  and  its  conventions,  definitions 
and  terminology.  The  following  four  paragraphs,  A-D,  illustrate 
elementary  relations  occurring  in  the  field  of  probability. 


*  Reference  numbers  are  in  brackets,  and  the  references  listed  in 
Appendix  D. 
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Ae  It  is  well  Icnown  in  this  field  that  the  number  of  combinations 
of  n  things  taken  x  at  a  time  is 
n  l 

.  (x)  x  l(n-x)  l.  '  (1) 

where  n  l=n(n-l)(n-2)  ...l,  and  11=0  1=1. 

B.  Three  basic  rules  of  probability  may  be  noted:  (l)  If  P(A)  is 
the  probability  that  event  A  will  occur  and  P(b)  is  the  probability 
that  event  B  will  occur,  then  the  probability  that  either  A  or  B  will 
occur  is 

P  =  P(A)  +  P(B)  (2) 

provided  that  A  and  B  .are  mutually  exclusive  events,  e.g.,  A  =  success  and 
B  =  failure.  (II)  If  P(ASB)  denotes  the  probability  that  both  A  and  B 
will  occur  and  Pa(b)  denotes  the  conditional  probability  that  event 
B  will  occur  when  A  is  known  to  have  occurred,  then  the  probability  that 


both  A  and  B  will  occur  is 

P(A,B)  =  F(A)  Pa(B)  (3) 

(ill)  If  the  events  A  and  B  are  independent,  eq.  3  reduces  to 

P(ASB)  =  p(a)  P(B)  (4) 

These  three  rules  are  powerful  tools,  with  many  applications. 

G.  The  probability  of  obtaining  n  successes  in  n  trials  is 

B(c=n,n,p)  =pn  (5) 

The  chances  of  failure  and  success  are  complemental,  or 

q  =  1-p  (6)* 

Hence  q11  is  the  probability  of  n  failures  (or  the  chance  of  0  success) 
in  n  trials,  and  the  probability  of  at  least  one  success  in  n  trials 
is  1  minus  the  chance  of  0  successes  or 

B(c=l,n,p)  =  l-qn  (7) 

Hence  Fig.  2  may  also  be  used  to  find  B(c  =  1,  n,  p) •  Fig.  2  shows 


the  usefulness  of  3-decimal  accuracy,  i.e.,  no  error  larger  than 
.001,  in  dealing  with  large  n. 


*F.H.:  It  may  be  parenthetically  noted  that 

,2  _3  \ 

•  •  9  ) 


q  =  l-p  -  e 


-(p+£  +!> 


and  In  q  =  -(  pf£2+  p3+  .  .  .)  , 
2  _3 


16, 


p"=  PROBABILITY  OF  n  SUCCESSES  IN  n  TR  IALS 
WHERE  p  « CHANCE  OF  SUCCESS  IN  SINGLE  TRIAL. 


GRAPH  OF  P  ( c j p)  = 


F 16.  2 
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D®  The  expected  number  of  successes  in  n  trials  is  a  =  np.  On  Fig.  5 
values  of  a  are  plotted  as  contours  on  an  isogram  having  p  and  n,  respect¬ 
ively,  as  abscissa  and  ordinatec  Significantly  large  values  of  B^,  i.e., 

individual  Binomial  probabilities,  occur  for  c's  in  the  vicinity  of  a. 
likewise*  the  maximum  individual  Poisson  probabilities  occur  at  x=a  and 
x=a-l  for  xil,  and  at  x=0  for  a<l. 

The  Normal  and  Poisson  distributions**  can  be  used  to  approximate 
both  Binomial  probabilities,  comparisons  being  made  for  the  cumulative 
case  on  Figs.  4  and  5.***  Fig.  4  shows  that  the  approximation  to  the 
cumulative  Binomial  'by  the  Normal  is  the  better  for  p  near  .5  and  by  the 
Poisson  for.  p  near  0o  Fig.  5  shows  that  the  accuracy  of  the  approxima¬ 
tion  is  much  better  for. the  Normal  as  n  alone  increases  from  50  to  100, 
and  that  this  is  not  true  for  the  Poisson.  Pig.  5  also  shows  the  dif¬ 
ficulty  of  using  the  Normal  at  small  n  as  an. approximation  to  the  Bi¬ 
nomial.  From  the  comparisons  on  Figs.  4  and  5,  it  appears  that  no. 
single,  general  method  of  usefully  approximating  the  Binomial  is  likely 
to  be  found,  and  that  the  raw  Normal  and  Poisson  distributions  can  be 
only  a  start  toward  the  attainment  of  three-decimal  accuracy  in  many 
regions®  • 

Difficulties  involved® 

Several  noteworthy  'difficulties  are  involved  in  attaining  a  com¬ 
pact  treatment  of  Binomial  probabilities  of  adequate  accuracy.  One 
arises  in  compressing  the  rather  bulky  tables  into  compact  isograms,  or 
contour  graphs.  This  compression  depends  upon  success  in  finding  a 
basis  for  correlation  good  enough  to  reduce  the  number  of  parameters 
from  four  (the  number  in  the  B,c,n,p  tables)  to  three  which  oan  of 
course  be  mapped  on  a  single  sheet. 

A  second  difficulty  arises  'from  the  stubbornness  of  integers  when, 
the  approximation  is  bound  to  a  continuous  relation,  or  vice  versa. 

A  third  is  that  the  aid  of  keeping  the  maximum  error  within,  e.g®, 

.001  necessitates  tliat'  a  -fairly  large  number  of  points  must  be  checked 
in  various  ranges  for  each  approximation  finally  used.  A  fourth  is 
that  the  carrying  of  this  accuracy  down  to  low  n,  i.e.,  of  the  order 
of  less  than  n  —  10,  involves  the  loss  of  direct  help  from  relations 
theoretically  obtained  from  the ' assumption  that  either  n  or  a  product 
including  n  approaches  infinity,  in  other  word's,  the  approximations 
may  have  considerable  error  for  low  n. 

*  See  Table  II  later  herein. 

**  Defined  later  for  those  who  are  not  already  acquainted  with  them. 

***  Figs.  4  and  5  are  on  "probability"  paper,  i.e.,  graph  paper -having 
the  ordinate  spacing  for  the  Norm&l  cumulative  probability  with 
,  the  result  that  such  a  distribution  function  gives  a  straight  line 
when  graphed  on  this  paper. 
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To  obtain  high  accuracy  at  such  low  n  involved  extensive  curve 
fitting  as  a  basis  for  making  useful  modifications  of  such  theoretically 
derived  relations.  These  modifications  include  the  insertion  of  empiri¬ 
cal  values  into  the  theoretical  relations  and  the  graphing  of  any  remainder 
(or  "error")  term  against  an  appropriate  parameter,  thus  taking  full  ad¬ 
vantage  of  the  flexibility  of  isograms. 

Needless  to  say,  no  general  method  was  found  to  apply  to  all  regions j 
instead,  different  regions  require  different  approximations.  Even  the 
present  reconnaissance  required  considerable  work  which  can  only  be  justi¬ 
fied  by  a  considerable  saving  of  time  of  others-  who,  if  this  work  had  not 
been  done,  would  have  had  to  attack  problems  piecemeal  in  the  different 
regions. 


BINOMIAL  PROBABILITIES 

Individual  Binomial  probabilities  are  given  by  the  various  terms 
of  the  Binomial  or  Bernoulli  distribution,  and  Binomial  cumulative 
probabilities  by  the  sum  of  such  terms.  For  purposes  of  the  present 
work,  the  Normal  and  Poisson  distributions  are  used  in  obtaining  closely 
approximate  values  of  the  Binomial  probabilities,  especially  the  cumula¬ 
tive.  However,  Normal  arid  Poisson  distributions  are  the  correct  ones, 
instead  of  the  Binomial,  to  use  in,certain  cases  not  treated  herein. 

Maps  provide  an  indication  of  where  the  unmodified  Normal  and  Poisson 
distributions  are  useful  approximations  to  the  Binomial.  The' fact  that 
modifications  of  these  basic  approximations  enable  one  to  obtain  sub¬ 
stantially  3-decimal  accuracy  everywhere  (for  n > 20)  of  values  of  Bi¬ 
nomial  Probabilities,  is  not  to  be  taken  as  an  indication  that  lower 
accuracy  is  not  often  adequate.  Strictly  3-decimal  accuracy  is  not 
guaranteed  everywhere  since  the  attainment • of  this  accuracy  at  each 
point  would  have  required  a  thorough  survey  with  the  expenditure  of 
much  more  time  than  for  the  present  reconnaissance. 

With  the  Binomial  distribution,  the  individual  probability,  or 
general  term,  is  given  by 

Bi  a  B.(x,n,p)  =(£)  pX  qn"X  s  nl  pX  qn-X  ,  (8)* 

_  _  x  i  (n-x)  l 


and  represents  the  probability  of  ah  event’s  happening  exactly  x  times 
in  n  trials  if  the  probability  of  the  event’s  happening  in  a  single  trial 
is  p.  This  follows  since  p,  the  probability  of  a  single  trial  "success" 
is  complemental  to  that,  q,  of  a  single  trial  "failure",  or  q  =.l-p'(6), 
suooess  and  failure  being  mutually  exclusive  as  is  necessary  for  eq.  8’s 
evaluation  of  a  Binomial  or  Bernoulli  individual  probability.  While  the 
same  result  can  be  obtained. by  counting  the  suocess  probabilities  taken 


in  the  different 
pecially  with  a  large 


possible  ways,  eq.  6 
arge  n.  V5’  PP-3§-3$ 


is  the  more  convenient  basis,  es- 
An  individual  Binomial  probability 


*  See  Table  Cl  for  a  ten- place  table  of  logarithms  handy  for  obtaining 
the  power  terms  of  eq.  8. 
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is  readily  computed  by  use  of  eq.  8  for  any  given  n,  p  and  x.  Hence 
there  is  less  need,  than  in  the  corresponding  cumulative  case,  of 
devoting  much  space  or  effort  to  its  approximations. 


For  OinilOO  and  0<x£n,  the  values,  or  their  logarithms,  of  . 

( r  ^  ^1 

(xJor  n  I  are  tabulated  u  *  J  for  convenient  use  in  eq.  8,  see 
x  i(n-x)  1  _  _  . 

table  C3«  Tables  L  *  of  factorials  or  their  logarithms  are  avail¬ 
able  for  values  of  n  from  1  through  1200,  see  table  C2«  .  For  larger 
values  of  n,  it  is  convenient  to  use  either  Stirling's  formula  for 
factorials : 


n11  e-n  (27m) 


(1 


+  1 

T2n 


+  _1 _  +  .C«) 

"  288n2  " 


(9) 


or  Stirling’s  formula  for  logarithms  of  factorials: 

log  nl  =  (n+.5)(log  n)  -n(log  e)  +  log(2flr)°  (10)* 

For  the  Binomial  distribution,  the  cumulative  probability,  or  that 
of  obtaining  at  least  c  success  in  n  trials,  is 

B  =  P(c,n,p)  =  nl  pX  qn~X  (ll) 

t—/  x  l(n-x)  1 

x=c  ' 


n-c  from  1  through  50  and  p  from  ,01  through  -.99, 
of  the  Incomplete  Beta  Function.*-  •*  Likewise  6-decimal  tables1 


Eq«>  11  can  be  conveniently  used  only  for  small  values  of  n  with  manual 
computation.  But  the  results  of  using  Eq.  11  can  also  be  obtained,  for 

from  7-decimal  tables 
exist 

for  cumulative  Binomial  probabilities  for  n  from  50  in  intervals  of 
n=5  through  100  for  p  from  .01  through  .99,  using  the  relation  p  +  q  =1. 
A  similar  7-decimal  table is  in  preparation  for  n  from  1  by  integers 
through  150  and  o001  5  p(  .001 )  5  .010  and  .015  p(.0l)£  .50  and  hence  for 
„50( oOl) .99( .001) .999  because  of  the  nature  of  the  Binomial  function. 
Outside. of  the  n,p  regions  covered  by  these  tables,  one  can  use  suitable 
approximations  including,  notably,  the  Normal  and  Ibisson  distributions 
and  the  Gram-Charlier  Series  derived  therefrom. . 


NORMAL  PROBABILITIES.'. 

The  Normal  approximation  applies  adequately  for  present  purposes 
throughout  region  "N"  of  Fig.  1.  That  region  extends  from  large  n  and 
p  =  .5  to  the  bounding  line  which  has  a  straight  portion  for  which 
np  -  4000.  The  Normal  is  symmetrical  but  the  Binomial  is  increasingly 
skewed  as  p  departs  from  .5,  as  is  shown  on  Fig.  4. 


*  For  n-170,  the  error  in  the  factorial  approximation  is  of  the  order  of 
.0025  and  has  a  rough  variation  or  dispersion  with  n  of  at  least  i  .001* 
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A  Normal  approximation  to  the  individual  Binomial  probability  is 
given  by 


N.  =  N. (x,n,p)  =1  e 

1  1  'VTBrf 


t  \  2  /  2 

-(x-a)  /2  O' 


(12) 


where  o’  -  /  npq  and  a  =  hp«  2he  Normal  distribution  is  a  function  of  a 
continuous  variable.  .  Mpre  strictly,  the  approximation  should  be  obtained 
by  integrating  Eq..  12  between  limits  x  -  .5  and  x  +  ,5j  however,  this 
extra  work  does  not  seem  to  the  writer  to  be  justified  since  the  individual- 
Binomial  probability  term' itself  can  be  generally- obtained  directly  with 
less  bother.-  Eq.  v12  is, for  what  is  commonly  called  the  Normal  density 
distribution. 

The  Normal  probability  integral,  used  as  an  approximation  to  the 
cumulative  Binomial  probability,,  is 


/®°  /  n2/o.2 

e-U-a)  /Zc  dx 


(13) 


which  is  not  directly  integrable  but  which  may  be  found  from  tables  of 
the  Normal  distribution,  which  were  generally  prepared  from  series  ex¬ 
pansions  of  E.q»  13  <» 

Fg  -  IcQ  sfc 

These  tables  L 3  .  J  are  commonly  made  up  on  the  basis  of  a  zero 

mean  (a1  =  np  =  0)  .and  unit  standard  deviation  (  <r=  l).  They  are  entered 
with  the  deviate  . 


"fc  =  x-a 

O' 


For  this  procedure,  eqs^  12  and  13  become,  respectively. 


(14) 


Nj.  =  1  0(t)  =  1 

cr  -  .  <r 


1  e 


-t2/2 


(15) 


and  N 


-r 

-  xc 


ft(t)dt  =  .5  -  /  ft(t)  dt 
-  0 


where  t  is  given  by  Eq*  19  below. 


(16) 


*  A  short  table  ofjftdt,  ft  and  ft  is  appended  as  table  C6. 
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The  first  and  second  derivatives  of  eq.  15  are 
Hi^(t)  =  -t  jZf(t)  =  -tN.(t). 


and  N.(2)(t)  =  -1  (1  -  t2)^(t)  =(t2-  1)% 


(17) 

(18) * 


which' respectively  indicate  that  the  maximum  value  of  the  density  IL 
occurs  at  t  =  0  and  that  the  points  of  inflection  are -at  x  =  a  %  a» 

The  Normal  N  generally  gives  a  closer  approximation  to  the  cumu¬ 
lative  Binomial  probability  B  when  a  continuity  c orrecti on  of  ,5  is 
used  in  computing  the  Normal  deviate 

tc  =  c-np-,5  (19) 

O' 

At  very  large  n  (>  1000),  the  effect  of  the  .5  adjustment  becomes  negli¬ 
gible  o  Fig sc  6  and  7  respectively  show  the  maximum  errors  of  the  Normal 
approximations,  on  jfchis  tQ  basis,  to  the  individual  and  cumulative 
Binomial  probabilities® 


The  individual  approximation  termN^  can  be  taken  as  the  difference 
between  consecutive  values  of  the  Normal  integral  term,  or 

^  =  N(c=x)  -  N(c=x+l)  '  (20) 


For  example,  for  x  =0,  n  =10  and  p  =  .1: 


Nj(x-O)  =  N(c  =  0)  -  N(c=l)  =  N(tc=  -  1.581135)  -  N(tQ  =  -.527045) 


.  =  .44419  -  .20090  =  .24329, 

the  3ST( t  )  values  being  obtained  from  tables  of 
c 

stated  values  of  t  . 

c 


^(t)dt  for  the 


However  this  difference  can  be  more  conveniently,  though  more 
roughly,  approximated  simply  by  taking  the  decremental  area  as  the 
product  of  the  central  ordinate  0  by  At  -  1_.  the  central  ordinate 
for  the  simple  deviate  t  being  obtained  frSm  a  table  of  ^(t).-Thus, 
for  x  =  0  in  the  immediately  preceding  example,  t=0-l=-l . 05409 ,  •. 

/  _  _  !—  ,  _ 

0  -  .2288 9,0'-  and  ^5  =  .24127*^  which  is  .00202  smaller  than 


the  earlier  obtained  value  of  .24329®  Since  the  value  of  the  individ¬ 
ual  Binomial  probability  for  x  =  0  is  .34868,  the  Normal  approximation 
is  .10539  too  low  and  the  corresponding  value  of  0  is  .10741  too  low. 


*  Similarly,  N^^X't)  "=  (5b-t5)*#(t)  =  (3t-t3)N. 

**  An  identical'"  value  is  obtained °by  using  eq;  15. 
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*  MAP  OF  MAX.  CORRECTION  OF  NORMAL  0  (t)/(T  TO  OBTAIN 
INDIVIDUAL  BINOMIAL  PROBABILITY. 


m 

cr 


FIG.  6 
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It  may  be  noted  that,  if  one  were  to  mistakenly  use  the  .5  continuity 
correction  in  obtaining  0,  then  t,,.  =  0-1. 5  =-1.58 11  and  0  =  .11430  =  . 12048 

er  7^  O"  ~~7TT 

which  is  .22819  too  low,  or  still  further  off.  Also  it  may  be  noted 
that  the  maximum  difference  between  the  Normal  and  Binomial  individual 
"terms"  occurs  between  t  ~  -  1.  The  simple  deviate  was  used  in  com¬ 
puting  the  maximum  error  of  individual  Normal  values  £  which  are 

o~ 

plotted  on  Fig.  6.  Since  the  individual  Binomial  B^  is  readily  calcu¬ 
lated,  its  Normal  approximation  is  calculated  as  the  simpler  £  instead 

cr 

of  by  the  difference  N^,  the  expedient  0_  becoming  more  accurate  as  n 
increases.  & 


GRAM-CHARLIER  SERIES,  TYPE  A 


For  at  least  3-decimal  accuracy/  throughout  the  region  in  which 


1.24 


np 

Series 


>12.7,  one  can  use  the  first  two  terms  of  the  Gram-Charlier 
,  Type  A,  for  approximating  cumulative  Binomial  probabilities: 


-  l-6pq  0(3\t  ) 
- c 

24<r 


•  #  O 


(21) 


where  0^2\tr>)  =  (Vj-l)  0(t^) 
and  <f  ~ 


c 

npq< 


(22) 


For  reasons  earlier  discussed,  the  addition  of  the  third  and 

higher  terms  does  not  always  lead  to  increas'ed  accuracy  over  the  two- 

term  series  when  the  .5  adjustment  is  used  in  computing  values  of  t  • 

c 

However,  the  addition  of  the  second  term  materially  increases  the 
accuracy  over  that  of  the  first  term  which  is  of  course  the  Normal 
cumulative  probability  itself o 


The  GCAr  "remainder"  method. 

The  Gram-Charlier  type  A  series  does  not  give  values  within 
the  .001  limit  for  low  values  of  both  p  and  n.  The  following,  related 
method  extends  this  limit  down  to  np  =  2  for  «1  5  p£.5  and  plural  c. 
This  modification  uses  the  approximation 

ffjr  =  +  *  /2)(y  +  r(tc)  (23) 

~np 


in  which  the 


coefficient  ot  =  .351  (.5-p) 

(np) 


►  87 


,53 


(23a) 


28’ 


.01  /.02  3  *.05 


g  3  *  .  5  e  7  s  s  1  2 

•5~P 

/  *  (2.) 

I' 73. 5  COEFFICIENT  ec(np,.5-p)  for  p  TERM' 

IN  REMAINDER  FORMULA  FOR  GCAr.  FIG.  8 
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and  is  graphed  against  ,5-p  on  log-log  paper  in  Fig.  8*,  while  the  re¬ 
mainder  coefficient  r  is  plotted  against  the  deviate  t  for  different 

values  of  p  on  Fig,  9.  In  effect,  this  -use  of  the  r,tc  diagram  amounts 
to  determining  the  difference  B-N-Ocj#  i  >  and  applying  this  as  a  cor¬ 
rection,  with  a  resultant  error  that  is  of  the  order  of  errors  resulting 
from  the  graphical  interpolation  generally  involved. 

oC  is  seen  to  correspond  loosely  with 


A1  =  1  (*5-p)  (24) 

3  (np)o5(l-p)*5 

the  coefficient  for  0  in  the  GCA  series,  values  of  AjJZ^^  andOC^^ 

for  n  =  50  and  s  .39894  being  as  follows; 

r  max  ° 


TABLE  I 


p 

'  .10 

.  .  - 

025 

.40 

.49 

.50 

a/2) 

lr  max 

.02689** 

.01086 

.003839 

.0003762 

0 

or/2) 
r  max 

.02508 

.01099 

.003861 

.0004677 

JO 

A 

.00181 

.00013 

.000022 

.0000915 

0 

A  i/'OL 

1.0722 

.9878 

.9943 

.8044 

0 

*  teie  values  of  np  shown  on  Fig.  8  are  those  which  were  used  in  comput¬ 
ing  the  values  of  OC  shown  by  the  solid  lines.  The  righthand  ends  of 
these  lines  are  shown  for  n  =  150.  In  using,  this  graph,  these  solid 
lines  give  one  the  slope  of  the  line  one  sketches  in  for  the  pertinent 
np,  while  the  last-named  line  is  put  through  a  value  of  oc  at  p=.5-p-.25 
which  is  found  from  the  dash  line  and  the  np  scale  at  the  top  edge  of 
this  graph.  Example  9  in  Appendix  B  illustrates  the  use  of  this  graph 
which  is  both  more  accurate  'and  handier  than  eq.  23a  for  anyone  who 
computes  many  values  of  oc  „  However,  eq.  23a  can  be  used  instead  by 
anyone  who  prefers  formulas  to  graphs  or  considers  Fig.  8  complicated. 

Fig.  8  also  has  A^  plotted  on  the  same  scale  as  oc  against  .5-p  as 
a  dot-dash  line  for  comparison  of  this  theoretical  coefficient  with 
the  aotual  OC  ® 

\ 

**  The  n  and  p  for  this  point  are  far  below  the  respective  n  and  p  . 
recommended  herein  for  the  GCA  series  itself. 
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Since  for  a  given  p,  the  difference  A  decreases  as  n  increases,  there 
is  no  need  to  use  the  remainder  method  for  np>220  There  the  GCA 
series  is  preferable  as  it  enables  one  more  directly  to  obtain  reliable 
values  for  p  <:.l. 


r ,  the  remainder . 

C  3 ) 

The  GCA  p  term,  like  that  of  the  other  odd  derivatives  of -this 
series,  has  true  odd*  symmetry  only  for  p  -  <,5.  However,  the  r,tc  graph 


flexibly  takes  care  of  this  lack  of  true  odd  symmetry  for  all  other 
values  of  pp  due  to  the  excellent  correlation,  as  to  np  for  np  >2,  of 
an  r,t  curve  for  a  given  p.  For  example,  the  values  of  r  for  npWL.5,' 
do  notGdepart  much  from  the  curve  for  p'  .5. 

Fig„  9  shows  that  the  "inboard11  swings  are  smaller  than  the  "outboard" 
swings  for  any  given  p,  whereas  the  opposite  is  true  for  the_ third 
derivative  of 


For  the  even  symmetry  components  (mostly  less  than  .001-, 

it  is  found  from  the  empirical  formula  (23a)  for  e*  that  np  >ll,200(.5-p) 
or  that  n-^  >11,200(  .5-p)  p.  This  latter  relation  provides  a  check  on 


1.64 


the  .001  curve  plotted  on  Fig.  5  since  this  curve  has  only  even  components 
appreciable  at  the  higher  values  of  n.  Thus,  for  the  odd  symmetry  com¬ 
ponents  (r/np)less  than  o001,  np  >12 ,7/p*24  or  n  >12 .7/p1*^  .  Also,  for 
comparison,  it  may  be  repeated  that  the  remainder  method  is  within  .001 
for  all  values  of  non-trivial  difficulty  (i.e.  excluding  c =0  and  c=l), 
for  np>2  or  n>2/p  as  long  as  .I4p£.5.  One  can  refer  to  example  9  in 
Appendix  B  for  the  use  of  this  GCAr  method. 


F0ISS01T  PROBABILITIES 


The  expected  number  of  successes  in  n  trials  is  a=np  when  p  repre¬ 
sents  the  probability  of  success  in  a  single  trial.  This  relation  is 
used  in  the  Poisson  distribution. 


The  individual  Poisson  term  approximating  the  corresponding  Binomial 
term  of  eq.  8  is 

P.  =  P(x,a)  =  aXe~a  (25) 

“act  - 

with  maxima  as  in  Table  II  values  for  Poisson  Molina  table  LuJ. 

\ 

The  cumulative  Poisson  probability  which  approximates  the  Binomial 
of  eq.  11  is 

F(°»a)  -  37  aXe~a  ■  (26) 

.  .  x=c  x  l  _ 


*  Using  the  symmetry  nomenclature  familiar  in  Fourier  series  analysis, 
"even"  symmetry  has  the  righthand  and  lefthand  sides  like  mirror  images, 
while  "odd"  symmetry  requires  also  that  the  opposite  sides  have  opposite 
signs,  i.e.,  have  the  images  inverted  in  addition  to  being  reversed. 

For  ft,  the  even  and  odd  derivatives  have  even  and  odd  symmetry  when  graphed 
against  the  appropriate  deviate. 
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TABLE  II 


— - -  ....  / 

The  Maximum  Individual  Poisson  Probability  P(x*a) 
for  the  Tabulated  Values  of  a  =  np. 


a 

Pi(x,a) 

X 

a 

■iSBI 

.001 

©999001 

0 

©7 

©496585 

.002 

©998002 

0 

©8 

.  ©449329 

„003 

©997005 

D 

©9 

.406570 

o004 

©996008 

11 

©367879 

.005 

©995013 

2 

,270671 

©006 

.994018 

3 

©224042 

©007 

©993024 

4 

.195367 

©008 

©992032 

’  5 

©175467 

©009 

©991040  . 

6  . 

.160623 

©01 

©990050 

— 

7 

.149003 

©02 

©980199 

■3 

8 

©139587 

©03 

©970446 

9 

©131756 

©04  ‘ 

©960789 

£ 

10 

©125110 

©05 

©951229 

15 

.102436 

©06 

©941765 

II 

20 

©088835- 

.07 

©932394 

> 

< 

25 

.079523 

©08 

©923116 

.  30 

©072635 

©09 

.913932 

35 

.067273 

©10 

.©904837 

40 

.062947 

©15 

©860708  . 

.  45  * 

©059361 

©20 

©818731 

50 

©056325 

©25 

.778801 

60 

©051432  . 

©30 

• ©740818 

- 

70 

©047626 

©40 

©670320 

80 

.044557 

©50 

©606531 

90 

©042013  ' 

©60 

.548812 

\ 

100 

.039861 

' 

From  the  Molina  Tables 
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For  the  Pbisson  distribution  terms  of  eqs.  25  and  26,  6-decimal 

tables  are  available  for  a=np  from  .001  through  100  and  for  x  and 

c,  respectively,  from  0  through  150.  In  general,  values  of  x  and  c 
giving  significant  values  of  B^'  occur  in  the  neighborhood  of  a=np 

which  is  graphed  in  a  convenient  form  on  Fig.  3. 

Alternatively,  identical  cumulative  Poisson  values  can  be  obtained 

less  conveniently  from .  7-decimal  tables  of- the  Incomplete  Y  (Gamma) 

Function,  for  integer  values  of  c  and  n  for  values  u,p=  _a_  from  0. through 

13.8  and  for  P^:=  c-1  from  0  through  50.0,  where  u^  and  Prj,  are  used  in 

entering  the  tables,  the  subscript  T  being  used  to  identify  table-entry 
terms  o  •  .  > 

Poisson  individual  term  errors. 

The  maximum  correction  for  N^~P^  is  mapped  on  the  n,p  graph  of  Fig.  10. 

The  curves  are  somewhat  smoothed,  especially  near  the  line  np  =  1  for 
,2<p<.5,  the  smoothing  being  such  that  the  corrections  are  generally  within 
the  limits  shown* 

The  correction  curve  for  n  =  1  is  continuous,  since  the  maximum  cor¬ 
rection  occurs  throughout  for  x  =  1,  and  is  nearly  linear  on  log-log 
papers  between  corrections  .001  and  .196735  respectively  for  p’s  .032 
and  .5.  For  n  sx  e  l, 

Bj.  -  Pi  *  p(l"~  e“P).  (27) 


The  correction  curve  for  n  =  2  is  also  continuous  with  the  maximum  cor¬ 
rection  likewise  at  x  =  1,  the  curve’s  higher-p  end  being  strongly  curved. 
But  the  curve  for  n  =  3  is  not  continuous  everywhere  since  the  maximum 
correction  occurs  at  x  si  for  low  values  of  p,  at  xt  0  for  p's  .4,  and 
at  x  S  2  for  p  1  050  A  smoothed  curve  has  been  sketched  through  relatively 
few  points  for  n  =  3  since  a  more  thorough  exploration  would  take  more  time 
than  is  justified  for  these  individual  Poisson  probability  corrections  in 
view  of  the  fact  that  the  exact  values  of  the  individual  Binomial  probabili¬ 
ties  are  readily  found  from  eq.  8.  ' 

The  departures  of  the  actual  corrections  from  the  smoothed  curves 
become  less  as  n  increases.  Thus  for  n£20,  e.g.,  the  maximum  correction 
occurs  for  x  at  the  expected  number  a  *=  np  when  this  is  an  integer,  and 
at  the  next  higher  integer  when  a  is  halfway  between  integers.  To  il¬ 
lustrate  the  use  of  Fig.  10,  this  shows  that,  at  n  =10  and  p  -  .1, 

B^  -  Pj.  :t=  o02,  which  closely  checks  the  computed  value  of  .01954. 

Poisson  cumulative  term  errors. 

The  Poisson  cumulative  values  are  within  the'3-decimal  limit  throughout 
region  "  P)I  of  Fig.  5.  Fig.  11  shows  values  of  the  maximum  error  on  an 
n,p  map.  -  ‘  --•'7' 
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In’ an  earlier  work  -by  Ferris,  the  oorreotion  (B-P)  was  taken 

as  independent  of  n  for  the  region:  n>50,  p<*25  and  np  <100.  The 

maximum  values  (B-P)  of  this  oorreotion  are  also  shown  on  Fig*  11* 

max 

A  heavy  dash. .line  on  Fig.  11  graphs,  against  p  as  abscissa,  (B-P) 

max 

-for  the  scale  along  the  righthand  edge  of  the  grid.  Appendix  A  of 
the  present  work  includes  a  discussion  of  the  Ferris  method  and  other 
alternatives  to  the  methods,  reoommended  herein* 


GRAM-CHARLIER  SERIES,  TYPE  B 


The- Type  B  Series  (first  three  terms)  is 

PB(c,a)  ss  P(c,a)  -  n£2  [p(c,a)  -  2P(c-l,a)  +  p(c-2,a)J 


(28) 


where  we  put  P(0,a)  =  P(-l,a)  sp(-2,a)  =  P(-3,a)  =  ...  =1* 

The  second  and  third  terms  of  this  series  are  seen  to  be  the  second  and 
third  baokward  differences,  respectively.  The  two'  leading  terms  are 
readily  calculated  and  provide  3-deoimal  accuracy  throughout  the  region 
"GCB”  in  Figo  1,  i.e*,  to  the  left  of  the  p  =  .1  line  for  n  210*  As  a 
practical  matter,  one  is  limited  for  an  available  table  LilJ  -fc0  -values 
of  npilOO  for  the  Poisson  cumulative  terms  and  hence  also  for  those  of 
the  Type  B  Series  whioh  depends  on  the  Poisson* 

MAP  OF  KOCEDURES  FOR  OBTAINING  CUMULATIVE  BINOMIAL  PROBABILITIES 

-V  -  .  -  -  -  •  -  ■ 

Figo  12  is  an  n,p  map  for  this  purpose,  accompanied  by  a  cursory 
identification  of  several  recommended  approximations  and  procedures* 

Earlier-mentioned  tables are  available  giving  the  values  of  B  for 
n£l50o  Appendix  B  to  this  report  contains  a  table  of  B  for  1- n.^  20* 

The  Normal  approximation  Is  seen -to  be  within  *001  for  n*=28  at 
p=„5,  and  from  p=.5  to  the  left  to  the  *001  bound  having  a' straight 
portion  for  which  np=4000  for  high  n„  The  Poisson  approximation  is 
likewise  seen  to  have  this  accuracy  from  p=0  up  to  approximately  *01 
for  n  larger  than  10.  A_  dot-dash  line  shows  where  the  errors  of  these 
two  approximations  are  equal,  with  a  maximum  error  of  *08  occurring 
at  the  bottom  of  this  line,  i.e.,  at  n  =  1  and  p  =  »430  The  position 
of  the  top  of  this  line  at  the-  intersection  of  the  .001  bounds  of  the 
Normal  and  Poisson  was  obtained  by  extrapolation* 

The  Gram-Charlier  Series,  Types ■sA  and  B,  (two  terms)  are  respectively 
based  on  the  .Normal  and  Poisson,  distributions  and  tend,  to  have  minimum 
errors  on  the  respective  sides  of  the  dot-dash  line.  In  other  words, 
the  error  of  either  GO  series  is  roughly  proportional  to  the  error  of' 
its  leading  term.  The  GCA  series  (two  terms)  is  seen“to  be ’within  .001 
for  rip1*24  21207  while  the  2-term  GCB  series. is  similarly  accurate  for 
p  less  than  *1  for  n  ?10. 
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MAP  OF  MAX.  CORRECTION  TO  POISSON. CUMULATIVE  TERM 
TO  OBTAIN  CUMULATIVE  BINOMIAL  PROBABILITY. 


TO  OBTAIN  VALUES  WITHIN  .001  OP  THE 
CUMULATIVE  BINOMIAL  PROBABILITY,  B.' 

The  maximum  correction  required  for 
Normal  or  Poisson  distribution  is 
given  by  Pig.  7  or  11,  respectively. 

For  3-declmal  accuracy : 

1.  Proceed  only  if  case  is  non-trivial, 

1. e.  if  .001£B£.999,  for  given  value  of 
c.  See  Figs.  12  &  13.  . 

2.  Use  available  tables  for  B  in  region 
1£n£20,  .Cl£p£.5C,  see  appended  table  C5. 
In  region  n>20  &  l£n-c£50,  .0l£pf.50, 
one  can  less  conveniently  use  Incomplete 
Beta  Function  table  13  ,  Ex.  4. 

3.  In  region  "N",  enter  the  Normal 

table  C 6  with  tf  =  (c-a-.5)/g-  (19) 

where  a=np,  cr  =  Vnpq  and  q=1-p,  to 

/*tc 

obtain  J  0(t)dt.  Then 

rtQ 

N(tc)  s  .5  -  /  0(t)dt  (16),  Ex.  17. 

J0 


4.  In  region  "GCA",  likewise  obtain 

value  of  0'  '(tc)  from  table  C6.  Then 
use  2-term  Gram-Char lier  Series,  Type  A: 

NA(tc)  r  N(tc)  -I^a0(2)(tc)  (21), Ex. 6.  - 


5-  In  region  "GCAr",  use  equation  2)£r  c>l: 

^r^c^  =  N^c^  +°£0^(tc)  -j-  r(tc) 

up— 


with  oC  f rom  Fig.  8  for  np.  .5-p  and 
r(f|eJ  from  Fig.  9»  Use  B;0,n,p)=1  and 
B( 1 ,n,p)=1-qn  for  2<a<2.5. 

6*  In  region  "P" ,  use  P(c,a)  from  table 
C7  or  the  Poisson-Molina  table  11^  ,3Ex.9 
Less  conveniently,  one  nan  use  Incomplete 
Gamma  Function  table  I1  ^  ,  Ex.  10. 

7.  In  region  "GCB" ,  use  2-term  Gram- 
Charlier  Series,  Type  B,  equation  28; 

PB(c>a)  =  P(c,a)  -  ng2  |p(c.a)  -  2P(c-1 ,a) 

-f  P(c-2,a)J  where 

P(0,a)  =  P(-1,a)  =  P(-2,a)  =  1,  Ex.  11. 
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MAP  OF  n,p  REGIONS  IN  WHICH  THE  STATED 
PRCCEDURES  GIVE  3-DECIMAL  ACCURACY. 


The  recommended  regions  of  use  of  the  GCA  and  GCB  Series. .differ 
slightly  as  follows  from  the  limits  just  stated.  Within' the  upper 
limit,  npSlOO,  of  the  Poisson-Molina  -tables*,  LUJ  "the^Phrs son  ap¬ 
proximation-  and  the’ GCB- Series  are  handier  ho  use  than- .-the  .Normal,, 
approximation  and  the  GCA.  Series.  -  The  first  two^- te’mfl-'bf -,the  GCA 
series  are.  used  for  npilOO  and  also  for  p^ol^and  np222*^;' , 

A  three-term  modification  designated  herein  as  "GCAr  Series” 
gives  3-decimal  accuracy  for  plural  c**  .lip  i05  and  2£np£22  by 
including  the  remainder  term  of  the  two-term  GCA  series.  At  p>«l, 
this  GCAr  modification  overlaps  the  appended  table  C5  of  B,  with 
the  result  that  3-decimal  accuracy  is  obtainable  everywhere  by  the 
use  of  this  report^  alone. 

GENERAL 

Limits  of  significant  values. 


There  is  obviously  no  advantage  in  comparing  values  of  B  smaller 
than  the  error  of  the  approximation  involved  in  the  latter' s.  computa¬ 
tion.  In  the  present  work,  the  maximum  error  of  the  approximations 
was  set  at  o001„  Hence  Figs.  13  and  14  are  included  to  show  respect¬ 
ively,  least  values  of  c  for  the  .999  bound  of  B  and  largest  values 
of  c  for  the  .001  bound  of  B.  These  values  of  Figs.  13  and  14  are 
respectively  related  with  .001  and  .999  percentage  points  of  c’±c-l 
as  follows; 

n  c— 1 

B(o,n,p)  =  £  (“)  P*  qn‘X  =  1  - 

x=c '.  x=0 

These  values  of  c  were  obtained  from  a  table  Lt,J  of  cumulative  Binomial 
probabilities  by  the  use  of  (Normal)  "probability  paper”  for  making 
nearly  linear  interpolation  possible..  No  attempt  was  made  to  obtain 
fractional  values  of  c  with  high  accuracy  since  integers  only  are 
generally  used  in  actual  work. 


(£)  PX  qn”X 


=  1-  c<' 


Percentage  point  tables  and  graphs. 

Percentage  point  tables  and  graphs  can  be  used  for  check¬ 

ing  values  computed  by  the  different  methods,  although  percentage  points*** 
are  ordinarily  used  for  other  purposes.  Since  the  use  of  the  graphs  is 
more  direct  than  that  of  the  percentage  point  tables,  the  graphs  are  use¬ 
ful  for  present  checking  purposes  mainly  in  providing  approximate  values 
of  o,n  and  p  for  use  in  “the  5  significant  figure  percentage  point  tables 
which  require  interpolation.  The  set  of  tables  1-14 J  0omprises  separate  , 

*~A  drastical ly  condensed  table  of  cumulative  Poisson  probabilities  for 
np^lOO'is  included  as  Appendix  C7  for  field  use. 

**  Use  B(0,n,p)  *  1  everywhere  and  B(l,n,p)  =  l-q11  for  2<a<.2.5o 

*  '  *  «  rt  * 

***  A  percentage  point  is  oommonly  given  by  the  value  of  p  having  the 
stated  (  o(  * )  percentage  chance  of  obtaining  not  more  than  c’  successes 
in  n  trials o 
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•01  ,1  p  .5 

FIG.  >3 

VALUES  OF  C  (TV  AND  p  FOR  THE  HIGHEST 
VALUE  (.999)  OF  B  (d/Tl ,  p)  TO  BE 
CALCULATED. 
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B(c,n,p  )*  .001 


n 


.01  J  p  .5 

FIG.  14 


VALUES  OF  C,Tl  AND  p  FOR  THE  LOWEST 
VALUE  (.OOI)OF  B  U,n,p)  TO  BE  CALCULATED. 
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tables  for  the  50,  25,  10,  5,  2.5,  1  and  0.5  percent  points  of  the  cu¬ 
mulative  Binomial  distribution,  (it  may  be  again  noted  that  Pigs.  13  ' 
and  14  herein  provide  0.1  percent  points,  i.e.,  for  .001  and  .999,  an 
extension  of  the  values  of  percentage  points  for  the  tables  C14  3 
The  body  of  each  table  contains  the  values  of  the  single  trial  prob¬ 
abilities  which  correspond  with  the  given  value,  e.g.,  .01,  of  the 
cumulative  Binomial  probability,  B  or  B(c,n,p),  for  column  and  row 
headings  respectively  of  V  ^  =  2(n-c +l)  and  Z/g  =  2c.  The  tables, are 

entered  with  values  of  V and  Z/g*  Ihe  tables  also  apply  to  values  of 
P(c,n,p)  >.5,  or  >50$  since 

P(c,n,p)  =  F(Z/ p  ^2)  =  1  -  P -  (29) 


£ 


The  earlier  mentioned  relations  B(c  =  n,n,p)  =  pn  (5)  and 

B(c  =  l,n,p)  =  1  -  q11  (7)  can  be  used  for  checking  cumulative  Binomial 

probabilities  for  any  values  of  n  and  p  in  the  cases  of  c=n  and  c=l  . 

The  main  point  here  is  that  both  the  percentage  point  tables  and  pn  can 
be  used  for  checking  approximations  to  the  cumulative  Binomial  probabil¬ 
ities  with  at  least  3-decimal  accuracy  in  an  n,p  region  for  which  other, 
more  convenient  tables  are  not  available,  and  in  which  the  maximum 
correction  exceeds  .001.  Figs.  1  and  12  show  that  this  n,p  region  is 
roughly  a  parallelogram  within  the  sides:  np  =  100,  p  =  .007,  np=  4000 
and  p  =  .37  (this  side  curved).  Within  this  region,  the  maximum  cor¬ 
rection  is  only  .0065  to  either  the  Normal  or  Poisson  when  the  more 
acourate  approximation  of  the  two  is  used. 

The  .001  bound  (having  a  portion  for  which  np  =  4000)  for  the 
Normal  correction  on  Figs.  1  and  12  was  determined  from  the  .001  value 
of  the  second  term  of  the  Gram-Charlier  Series,  Type  A,  eq.  21o  It  was 
checked  by  means  of  the  .001  value  of  the  second  term  of  the  "remainder'1 
equation  22.  _ 


CONCLUSION 

lo  Mape  Mainly  for  use  by  engineers  and  mathematicians  who  need 
to  obtain  cumulative  Binomial  probabilities  only  occasionally,  there  is 
.presented  a  comprehensive  map’ (Figs.  1  and  12)  which  shows  the  regions 
of  application  of  different  computational  procedures  or  tools,  and  the 
aocuraoies  of  the  approximations.  However,  this  map  should  also  prove 
convenient  for  reference  by  statisticians. 

2.  Accuracy  of  the  Normal  and  Poisson  approximations.  The  maximum 
error  of  these  approximations  is  about  .08  if  one  uses  the  smaller  of  the 
uncorrected  Normal  or  Poisson  values,  and  this  is  for  the  readily  computed 
case  of  c  =1.  The  maximum  error,  thus  taken,  is  only  .030  for  n=10  and 
about  .027  for  n=20„  Since  the  Appendices  contain  Table  C5  of  values  of 
the  cumulative  Binomial  probability  for  lini.20,  the  maximum  error  of 
the  Normal  and  Poisson  approximations  for  higher  values  of  n  is  only  about 
.027.  At  where  a  portion  of  the  Incomplete  Beta  Function  Table  LlJ 

stops,  the  maximum  error  is  only  .020o  At  the  n=150  limit  of  the  cumula¬ 
tive  Binomial  table  ^-2^  ,  the  maximum  error  is.  only  about  .015,  or  one 
and  one-half  percent. 
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3.  Two -decimal  accuracy- is  had  with  the  uncorrected  Poisson  and 
Normal  cumulative  probabilities  (see  Figs.  7  and  ll)  respectively  for 
p  <»07  and  np>37  (and  also  close  to  p'=.5  for  n  down  to  3) ,  where 
Binomial  probability  tables  are  available  for  n  through  50,  the  only 
untabulated  region  in  which  the  maximum  correction  exceeds  o01  is  the 
small,  roughly  triangular  region  (shaded  and  marked  "IJ?'  on  Fig.  7) 
having  (n,p)  apexes  (50,  .07),  (500,  .07)  and  (50,  027)o 

4c  At  least  5-decimal  accuracy  is  obtainable  everywhere  by  the 
use  of  tables*,  formulas  and  graphs  which  are  available  herein  for 
conveniently  obtaining  values  of  the  cumulative  Binomial  probability 
B(c,n,p)  either  directly  from  tables  or  ,from  algebraically  additive 
(two)  terms  of  the  Gram-Charlier  series  and  three  terms  of  the  re¬ 
mainder  modification  (eq.  22)  of  the  Gram-Charlier,  type  A,  serieso 
Alternative  procedures,  some  of  which  are  noted  in  the  appendices, 
may  be  preferable  for  use  in  particular  regions  where  many  values 
are  to  be  computed o 

5e  For  checking  values  of  B(c,n,p),  percentage  point  tables 

^  ^  and  graphs  and  values  of  pn  ” can  be  used.  Normal  prob¬ 

ability  paper  can  be  conveniently  used  for  interpolation  between 
tabulated  percentage  points:  50,  25,  10,  5,  2.5,  1  and  .5  per  cent, 
where  an  accuracy  of  only  two  significant  figures  is  required. 

6.  Appended  are  notes  on  alternative  methods,  examples — ■ 
including  some  on  interpolation,,  tables,  and  a  list  of  references. 

t  '  x 
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In  view  of  the  earlier,  piecemeal  release  of  portions  of  the 
material  herein,  a  brief  history  of  this  work  is  included.  In  the  summer 
of  1948,  the  author  entered  a  field  involving  many  computations  of  the 
cumulative  Binomial  probability.  Tlhile,  as  an  engineer,  he  was  already 
acquainted  with  the  Normal  and  Poisson  approximations  to  the  Binomial, 
he  was  without  knowledge  of  the  accuracy  of  these  .approximations  in 
different  n,p  regions.  Consequently  he  set  about  "tooling  up"  by 
preparing  a  short  "handbook"-  treatment  for  his  own  working  notes,  so 
that  3-decimal  accuracy  could  readily  be  obtained  for-any  desired  values 
of  c ,  n  and  p. 

Sets  of  the  author’s  wording  notes* •  which  iweiS:l^:;U5;^u|hted  ambhg?  '-!' 
-his  -associates  m  late  1948, provided  3 -decimal , • 
This  was  partly  through  the  use  of  different  empiricSl-fr^lA^Jaasi^ii^'  ■ 
found  applicable  in  different  n,p  regions  in  which  n>50.  These*1948 

*Also  one  can  use  other  tables  if  available. 
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notes  also  included  the  Gram-Char lier  series  as  alternative  procedures 
for  certain  regions.  The  author  had  modified  the  type  B  series  from  the 
customary  form,  which  includes  individual  Poisson  terms,  to  that  of  eq.  28 
which  involves  only  cumulative  Poisson  terms.  In  January  1949,  there  was 
a  limited  distribution  of  a  brief  memorandum  excerpting  the  minimum  ma¬ 
terial  from. the  1948  notes  to  cover  all  regions  with  3-decimal  accuracy. 

To  reduce  the  number  of  procedures  mentioned  in  the-  memorandum,  it  relied 
upon  ihej-Gram-Charli'er  series  ::of,:±wo''terms’:,qver  as’>Iarge..regiohs  as  \r:  ■ 
possible* 

The  instant  report  additionally  includes  (1)  maps  of  accuracy  of 
Normal  and  Poisson  approximations  to  the  individual  Binomial  probability, 
and  (2)  a  remainder  modification  (GCAr)  of  the  Gram-Charlier  series,  type 
A,  which  enables  the  entire  n,p  domain  to  be  filled  with  3-decimal 
accuracy  by:  an  accompanying  table  of  the  cumulative  Binomial  probability 
for  l-n-20,  the  Normal  and  Poisson  approximations,  the  two-term  Gram- 
Charlier  series  of  both  types  and  the  stated  GCAr  modification. 

This  GCAr  modification  makes  it  possible  for  this  report  to  be 
compact  and  self-contained. 

St 

Ed  S.  Smith 


44 


APPENDIX  A 


Alternative  Methods 

This  appendix  mentions  a  few  of  the  many  possible  alternative  meth¬ 
ods  to  those  recommended  in  the  body  of  this  work,,  and  some  reasons  why 
the  alternatives  are  not  as  generally  useful  for  present  purposes.  Some 
of  the  alternatives  are  doubtless  better  for  particular  regions,  but  . 
their  inclusion  in  the  body  of  this  report  would  have  complicated  the 
mapping  by  adding  to  the  number  of  methods  already  there® 

Theoretical  formulas  of  various  sorts  were  investigated  and,  except 
for  the  Gram-Charlier  series,  found  to  be  of  little  or  no  value  for 
readily  obtaining  3-decimal  accuracy.  The  difficulty  usually  is  that 
the  rejected  method  is  too  complicated  for  infrequent  use® 

fl3l 

The  Ferris  method  L  J  w as  useful  at  the  start  of  this  work  in  that 
it  filled  a  region,  for  pS®25,  of  n  higher  than  the  upper  limit  of  an 

available  published  table ^  of  the  Incomplete  Beta  Function.  In  the 
Ferris  method,  the  correction  (B-p)  of  the  Poisson  approximation  was 
graphed  directly  against  the .appropriate  deviate 

ty=o-a-l  (Al) 

-  cr 

in  which  unity  is  the  fitting  constant.  Ferris  used  four  graphs  to 
cover  the  four  swings  of  B-P,  i.e.,  two  positive  and  two  negative  por¬ 
tions,  although  a  single  graph  could  have  been  used  if  desired,  as  in  . 
Fig.  A-l  herein.  The  ^erris  method  failed  to  be  useful  for  n  down  to  20, 
since  the  graphed  remainder  is  not  nearly"  enough  independent  of  n.  •  For 
this  reason,  a  like  method  for  the  Normal  failed  to  be  useful  for  n  down 
to  20  whether  B-N  was  graphed  against  the  uncorrected  deviate  t.  (c-a)/cT 
or  tc  =  (c.-a-.5 )/<r  ° 


GGB  remainder  a  A  type  B  series  modification  was  made  in  which  one 
graph.  Fig®  A-l,  was  used  with  values  of  C/(-Crr,„_)  of  eq®  A-2  plotted 

■  1  IIISlX 

against  the  Poisson  deviate  t^,  for  different  values  of  p-from  .1 

through  ®5®  The  negative  value  in 'the  denominator  was  included  so  that 
the  proper  sense,  or  algebraic  sign,  of  the  remainder  would  beKretained, 
in  spite  of  the  apparent  clumsiness  of  this  expedient.  Fig.  A-l,  based 
on  n=50,  is  used  in  connection  with  the  formula 

Bgr  =  Bg(c,a)  +  B(t^) 

where 

C(tv,)  =  B  -  Prss  -/  C  v  (cTrinv)  is  the  remainder  for  the 

\  n  ) 

.  -  “°max 

GCB  Series  having  two  terms®  This  makes  the  relation  G ( t-j-, )  nearly 
enough  independent  of  n  for  use  with  3-decimal  accuracy  down  through 


(A2) 
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n  =  20  for  p<  .4.  Higher  difference  interpolation,  by  use  of  Binomial 

coefficients,  smoothed  out  the  relation  of  C  to  p  and  (n»'p)  so  that. 

max  ^  9 

for  20<n<150,  substantially  3-decimal  accuracy  is  obtainable  with  the 

relation 

C  •=  C  (p  )  +  C'(n,p) 
max  max  ^a  '  9tfJ 

where  pa  =  p  +  .001156 
.  .534  -p 

C  (p  )  =  -.10862  p  2,1 
max'  ra  ••■■■■  a 


or  log  Cmax(pa)  =  2.1406  log  pa  -  .96407  for  n  =  50,  and 

C(n,p)  =  .00115  .07  •  (log  n  -  1.7) 

»57-p  _  • 


(A3) 


.406 


within  -  .00.02 
for  n  =  50 


-..0000805  log  n  -  1.7  (A4) 

« 57  —  p  ^ 

This  GCB  remainder  method  is  not  recommended  in  the  body  of  this  work  since 
the  GCA  remainder  method  extended  with  3-decimal  accuracy’  to  such  low 
values  of  p,  for  n£20,  that  no  gap  was  left.  Another  reason  is  that  a 
question  arose  as  to  the  propriety  of  using  negative  values  of  which 
occur  near  the  upper  limit  of  t-^  for  this  GCBr  method. 

The  use  of  the  Gram-Charlier  Series  with  more  than  two  terms  proved 
disappointing,  as  compared  with  the  remainder  methods,  for  reasons  given 
in  the  section  in  the  body  on  'The  GCA  "remainder"  method'.  The  writer 
found  that,  for  these  reasons,. the  use  of  different  derivatives  of  the 
Normal  distribution  with  fitted  coefficients  failed  to  be  generally 
useful,  although  excellent  fits  were  had  in  particular  limited  regions. 

The  deviate  coefficients  of  .5  for  the  Normal  and  unity  for  the 
Poisson  were  also  slightly  adjusted,  again  with  excellent  local  fits 
but  without  general  usefulness.  There  remains  of  course  the  problem 
of  eliminating  the  "fourth  dimension",  i.e.,  any  of  B,c,n,p,  with  this 
expedient  as  with  others,’  by  finding,  suitable  correlations.  This  ex¬ 
pedient  may  well  be  promising  if  this  be  done. 

A  recently  proposed  approximation,  as  understood,  involves  entry 
of  the  Normal  tables  with  the  deviate 


in  present  notation,  and  is  in  error  by, .0688  at  c=5,  n=50,  p=.l,  e.g., 
as  compared  with  an  error  at  this  point  of  less  than  .001  for  any  of  the 
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methods  recommended  herein*  Ihis  was  -unexpected  since,  according  to 

that  reference  ,fT^e  general  conclusion  is  that  the  approximation 

is  extraordinarily  good  near  the  1%  to  5%  points,  and  remarkably  good 
in  general," 

Th.e,. use  of  othey,;tb.an  the  Normal  and  Poisson  approximations  was 
considered  briefly,.  effg|.^'st, Rent  ’s  distribution  and  the  use  of  sin  x 

which  is ‘ tabulated  .  ‘but 'rejected  as  involving  less  commonly 

available  tables  and  as  -,bringing  in  needless  complications  in  curve 
fitting,-  Also  rejected* -as  not  sufficiently  accurate,  was  lj(t)  = 

A  +  BaosCt*.  where  fitting  constants, 

Everything  considepeda  the:  methods  recommended  in  the  body  of 
this  work  appear  to  be  a  reasonable  compromise  between  simplicity  and 
accuracy*  where  •subst'a,n^ifliy'; ^"decimal  accuracy  is  the  goal.  It  is 
possible  to  go  over  the' 'same  ground , in  more  detail,  using  less  cursory 
techniques .  than,  these .  a&ed-  ill,  the  present  reo onhais sance «  If  this 
were -  dohe^  slightly  ' hitler’  precision  would  be  obtained  in  the  location 
of  the  boyndaries  of 'tneH-iimi^s-' of  3-decimal  accuracy  for  the  several 
methods*' but  probably  iWi^Hpub  much  increase  in  the  accoraoy  ’of  the 
values  of  the  cumulative  Binomial  probability  obtained  by  the  use  of  . 
the  herein  recommended  methods, 

^  4  moire  promising  d^eohioa  for  future  work  on  any  short,  self- 
contained  treatment-  of  cnmv,l^-hive  Binpmial  probability  seems  to 
•lie: .in  finding  betien1-. correlations  and.  also  handier  and  better 
methods  of  interpolation  sinoe  "the  abbreviated  tables  and  graphs  all 
require  interpolation*..  .Euch -a  treatment  of  interpolation  must  neces¬ 
sarily  go  considerably  further  than  the  cursory  treatment  in  Appendix’ 
b,  .  -'v., .  -  -. 

•  Specific  siiggestioin|s- fpr./iurther  work  are:  (l)  to  plot  the  3- 
decimal  accuracy  limit, the  Normal  distribution  and  both  types  of 
the  Gram-Charlier  series,  for  plural  values  of  c  and  using  B(0,n,p)=l  • 
and  B(l,h,p)£l«*jn  for  the,  others,  (2)  to  plot  the  contours,  of  equal 
maximum  error  for  the  regions,  in.  which  the  Gram-Oharlier. series  are 
used,  and'  (3)  to  compute  a  few  values  of  B(o,n,p)  with  less  than  ,0001 
error  as  check  points  .'f$$„ye$y  high  n  and-  low  p  -in  the  region  in  which 
the  Gram-Char lier  ' series^  type.  , A,  is  used.  It  may  be  noted  that  a 
check  ah  n’wLOOO  and  ps^M;.  showed  that  the  errors  of  the  several 
recommended  approximation's  were  well  within  the  expected  values. 


TM.  '  APPENDIX  B 
Examples  of  Probability  C  omputations 

jDn  .  (Example  l) ;  For  n  =  200,  p  =  *996,  find  the  probability  of 
.0  =  200  successes  in  200  tries,  "The  probability  of  desired  successes 
is  B(c^n,n,p)  V pn  (5)  when  the  desired  number  of  successes  equals 
the.  sample , size,  * 

.  B  =  ,996200  =  .4486 

And  when  n  =  200,  p  =  ,997  and  c  =  200 
B  =  ©997200  =  ©5483 

Thus  a  difference  of  .001  in  the  single-trial  probability  causes 
the  desired  probability  to  vary  by  as  much  as  22%  when  the  sample  size 
is  as  large  as  200©  -  _  _  ....... 

Cumulative  Binomial  Probability,  B(c,n,p)  .  (Example  2)  For  n=  3, 
p  ='  „67,  find  the  probability  of  c  =  1  or  more  successes  in  3  tries. 

From  eq.  (ll)© 

„  .  3 

B(c  =  1,  3,  ©67)  =  5  1  ( »67x)  (.33)3“x  =  .2189  +  .4444 

x  l(  3— x)  ' 

x=l  .  . .  +.3008  =  .9641 

(Example  3);  In  certain  cases  the  relationship  q=  1  -  p 
simplifies  the  procedures  for  finding  the  desired  probability.  Using 
the  same  constants  as  in  Ex.  2  we  again  look  for  the  probability  of  one 
or  more  successes.  The  probability  of  1  or  more  successes  equals  unity 
minus  the  probability  of  zero  successes©  From  eq.  (8), 

B(x  =  0,3,  ©67)  =  5  1  (.67)°  (.33)3  =  qn  =  (.33) 3  =  .0359.  . 

01  31 

B(l,3,.67)  ®  1-B(x  =  0,3, ©67)  =  .9641  which  is  identical  with  the  result 
of  example  2  0  ... 

Incomplete  Beta-function  tables^  (Example  4);  For  n  =  50  and  p  =  ©01, 
find  the  probability  of  2  or  more  successes,  or.B(c_=  2,50, .01)©  While  the 
use  of  the  Beta-£unction  tables  is  less  simple  than  of  the  cumulative 
Binomial  tables  ,  the  use  of  either  involves  only  a  very  small  part 
of  the  labor  involved  in  computing  and  summing  the  individual  Binomial 
terms©  Alternative  methods  of  using  the  Beta-function  tables  apply 
respectively  to  the  cases  of  n  +  1  >2c  and  n  +.l<2c©  These  tables  are 
usable  for  values  of  n-c  from  1  through  50  and  for  all  values  of  p  and  q 
from  ©01  through  ©99  by  steps  of  .01. 

We  use  the  subscript  "t"  for  tabular  quantities©  In  the  present  ex¬ 
ample,  n  +  l>2c,  q^=c,  p^.=n+l-q^.s50+l-2=49  and  x^=q=©99.  Referring  to  the 

Incomplete  Beta-function  tables,  page  57,  for  q,=2,  p  =49  and  x  =.99, 

I  (p, ,q,)=I  qq(49,2)=©9105647.  The  probability  of  2  or  more  successes 
x  "c  *c  o  y  y 

=  B(c=2, 50, ©Ol)=l-Ix(p^,q^)=l-. 9105647=. 0894353.  These  tables  are  usable 

for  values  of  n  from  1  to  at  least  50  and  for  all  values  of  p  and  q  from 
zero  to  unity© 

(Example  5)  s  For  the  case  of  n+l<2cs  n=50,  p=o40,  c=30,  and  d+1<L2c. 
In  this  case  q^*  =  p^.=  n+l-c=21,  p^.’ ^_^.=c=30,  x^’ =l-xj.  =l-q=p=.4  and 
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B(c=30,50,  .40)  sl^*  (p^q.'.)  .  Referring  to  p. 


function  tables  t  I, 


?t)=1-IIt(pt’qt) 


350  of  -fche -Incomplete  Beta- 
The  probability  oil  c  or  more 


successes  is  B=B(30,50, .4)  =1-Ix  (pt,q^.)=  I  (p*,  q’  )=I  ( 30, 2l)  =*0033604. 

t  Xt*  t  t  .4 

This  figure  is  checked  exactly  by  one  cumulative  Binomial  probability 
table LZ J  and  closely  by  another I83  which  gives  B=l-.996637=.003363. 

Cumulative  Binomial  Probability  Tables*  One  set  of  tables  t  for 
l£n  £150,  consists  of  a  table  for  each  .01  value  of  p  or  q  from  .01  to 
.99.  >  Ehch  table  is  for  a  particular  single  trial  probability  p’,  is  en¬ 
tered  with  c  and  n,  and  its  body  directly  gives  values  of  B^(c,n,p')» 

No  example  is  needed  for  this  set  of  tables  for  p£*5*  For.  p?*5,  one -can 
use  the  relation  B(c,n,p)=l-B(n-c+l,n,q)  and  enter  the  tables  with  q 
instead  of  p. 


Another  set  of  tables 


_ _  3  for  50  4n£100,  likewise  consists  of  a 

separate' table  for  each  .01  value  of  p  or  q  over  the  same  range*  However, 
each  table  is  entered  with  c  -  1  and  n  and  its  body  contains  values  of 
Rp  =  1  -  B(c,n,p)  since  each  table  sums  individual  Binomial  terms  for 
x  =  0  to  Co  Since  the  probability  of  o'  or  more  successes  is  1  minus 

the  probability  of  from  0  to.  c’  -  1  successes,  B  or  B(c,n,p)=  1  -  P^,. 

...  \ 

(Example  6);  Use  the  latter  set  of  tables,  for  the  conditions' and 
problem  of  example  4*  To  find  the  probability  of  2  or  more  successes,  we 
find  1  minus  the  probability-  of  from  0  to  2  -  1  =  1  suocess.  Referring 
to  the.  first  page  of  the' tables,  for-n  .=  50,  p  =  *01  and-x^  =  c-l  =  1,_ 
the  tabulated  probability  is  P^,  s*  .910565;  Hence  B(c,n,p)  =  1  -  .910565 
=  *089435,  which  agrees  with  the  value  found-  in  example  4-by  using  the 
Incomplete  Beta-function  tables.  -  - 

Uncorrected  Normal  Cumulative  Probabilities  (Example  7);  For' 
n  =  ltlO,  p  =  *3  and  c  =  25,  to  find  the  probability  of  25  or  more  successes 
in  100  trials.  Equation  13  can  be  used  to  obtain  this"  probability.  Values 
of  this  integral  are  tabulated  in  Normal  tables*  A  table  in  which  this  in¬ 
tegral  is  summed  front  the  mean,  is  entered  with  t_  =  c-a-5  =  25  -  30  -  .5  = 

0  ~  4.583 

-1.200,  where  a  =  np  and  O'  =  \/npq.  From  such  a  table,  e.g.,  Glover’s, 

A 

page  398,  B(25,  100,  .3)  ~  N  =  .5 


'I 


^(t)dt  =  .5  +  .38493  =  .88493. 


With  a  table  in  which  the  integral  is  summed  from  c  to  go,. e.g.,  Buring- 
ton’s  tablqs ‘-Id-T,  page  258,  the  answer  is  found  directly  as  .8849* 

This  numeric  is  checked  by  a  set  of  cumulative  Binomial  tables giving 
B  =  .8864298,  or  B-N  =  *0015  which  is  less  than,  the  maximum  correction 
for  n  =  100,  p  =  _.3  on  Fig.  7©  ■  ...  ... 

' Gram-Charlier  Series,  Type  A,  (Example  8) ;  For  n  ='1300,  p'=  .05 
•and  c  =  66,  the  Gram-Charlier- Series,  Type  A,  (eq.  21)  can  be  used  to 
find  the  probability  of  66  or  more  successes. 


To  use  this,  we  have 
t  =  c  -  .5 ; -  a  =  66 


.5  -  65  = 


=  .0636 


7.8581 


7.8581 
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Using  equation  (21)  and  Glover’s  Normal  tables,  p.394,  B(66,100, .03)  = 

N  .  ( 66*100,  ,03)  =  ,50000  -  ,02535  -  [~«05  -  ,95  f.396521 

j_(6)( 7.8581) J  *- 

;=  ,.47465  ,00757  -.46708, 

Remainder  for  Gramt^Jharlier  Series,  Type  A,  (Example  9):  To  find 
B  for  c  -  2,  n  =  21.  and  p  »  ,29;  np  =  21x,29  '=  6.09, 

t  -  .2  -  6»09~~--'  .5  *  -4.59  ='  -2.2  074, 

(6;o9x;7i)>5"  2*0794 

=  .351  ( .5-p) °87  *  .351  x  ,21°87  =  .03466  or  can  be  obtained 


from  Fig.  8.* 


From  t  =  -2.2074,  N  =  ,48636  *  .5  .  .=  .98636 


and  /  (%)  =  ,13515.,  so  that  OC  <p  ;(tc)  =  .00468 


From  Fig,  9,  r  = 
so  that  r(tQ)  * 


,01140, 

•  A'  . 

/>•  • 

,01140/6  »09 


=  .00187 


V  *  ' 

B-tabular 


=  .99291 


-  .99279 


Error  ~  =  .00012,  which  is 

well  within  the  .001  limit. 

This  value  of  c  was  selected  as  providing  large  values  of  both  the  cor¬ 
rection  and  the  slope  of  r  with  respect  to  t  .  Also,  the  corresponding 

.  c 

value  of  a  -s=  np  is  nearer  to  an  integer  than  to  the  (integer  +  .5) 
values  of  np  used  in  plotting  Fig.  9.  In  other  words,  this  is  not  a 
particularly  favorable  case  for  this  approximation. 

'Poisson  Cumulative  Probabilities  (Molina  tables  ^^)  . 

(Example  9)  s  For  nsLOO,  ps;,004,  c=l,  to  find  the  probability  of  1  or 
more  successes  in  100  trials.  ■  Eq.  (26)  can  be  used  in  obtaining  this'- 


To  find-  oC  from  Fig,  8:  For  np=6,09  on  the  top  scale,  the  dash  line 
gives  OC  *.040  at  V5-<p’-*25o  _  A  line  carried  to  the  left  from  that  point 
parallel  with  adjacent  lines  to  .5-p=.21  for  the  given  value  of  p=,29 
gives  OC  =.0347  there. 
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probability o  The  results  of  eq.  (26)  are  tabulated  in  the  Poisson-  • 
Molina  tables.  From  the  P-M  Table  II,  for  a  =  .4  and  c  =1,  P(c,a) 

P(l, .4) =,3296800.  The  same  answer  in  this  case  can  be  gotten  from 
values,  obtained  by  using  eq.(25),  tabulated  in  the  P-M  Table  I 
for  the  "individual  term  Poisson  probability"  and  the  fact  that  the 
probability  of  one  or  more  successes  equals  1  -  (probability  of  zero 
successes).  For  x  '=  0  and  a  =  .4  from  Table  I,  P\x,’a)  =.6703200, 

From  this,  the  cumulative  Poisson  term  P(c=l,  .4)=l-P(x=c-l,a)=i-P(0,  .4) 
=  1-  ,6703200  =  ,3296800. 

Inc  omplete  Gamma  (T )  -Euncti  on  Tables .  ( Example  10)  •  For 
n-=100,p=,l  and  c=4,  to  find  the  probability. of  4  or  more  successes. 

If  the  Poisson-Molina  tables  [11] 

are  available,  they  are  preferably 
used  for  this  purpose.  As  a  poor  alternative,  incomplete  Gamma- 
function  tables  can  be  used,  the  subscript  "t"  being  used  for  tabular 
quantities, 

u^  =  np  =  (100)(  ,1)  =5,  p,  =o-l=4-l=3* 
t  _  __  _  ^  t; 

Referring  to  page  15  of  Pearson's  tables  of  the  incomplete  Gamma- 

function  ,  for  u^  =  5  and  p^  =  3,  I(Usp)  =  1(5^3)  =  probability 

of  4  or  more  successes  =  ,9896639,  This^valpe  is .checked  by  the  P-M 
Table  II  which  gives  a  value  P(4,10).=  ,9896640  • 

T12I 

This  Rearson’s  table  **  J  (i)  has  .1  steps  of  uj.  and  Hence 

extensive  interpolation  is  involved  in  most  cases.  This  table  includes 
second  and  fourth  differences  to  facilitate  accurate . interpolation, 
along  with  instructions  for  the  use  of  such  differences,  pp.  x  -  xiv. 
Alternatively,  one  can  use  Everett’s  formula  for  interpolation  L.19J  e 

.  Gram-Charlier  Series,  Type  B,  (Example  11):,  For  this  Type  B 
series  (eq,  28),  consider  the  problem  of  example  8 .for  which  c =66  and 
a=  (l300)( O05)=65 .  Hence 

P  (c,a)  =  ,467076  -  (l300)(,05)2  [,467076  -  (2)(,516496)  +‘  .565915] 

.  2_ 

.467076  -  0  =  ,467076 

which  agrees  with  the  result  of  example  8  for  the  Type  A  series.  While 
the  simple  Poisson  turns  out  to  be  suff iciently  accurate  for  this  case 
of  low  p,  this  would  not  be  true  for  a  much  higher  p. 

Remainder  for  Gram-Charlier  Series  type  B,  (Example  12): 

To  find  P  by  this,  alternative  method  for  c  =  19,  n  =  100,  p  =  ,2. 

ac:10Gx.2=20  and  t-h=19-20-1  =-2=-,5. 

(20x,8) 4 

The  first  term  of  eq.  A2  is,  from  eq.  28, 

Pb(19, 20)=. 61858-.01686=. 63546, 
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and  the  second  term  is  C(-05)  =  C 

"C* 

max 

From  t,  =  -  .5  and  p  =  .2  on  Fig.  Al,  C  =  .685  or  C  =  -  .685  C 


max. 


max 


From  eq.  A3,  C  =  C  (p^  +  C(n,p) 
max  max  a 

pa  =  .2  +  .001156  =  .20346 
•534-.2 

C  (p  )  =  -.10862  x  .203462e1406  =  -.00359  v/hich  is  within  £.0002 
maxv-ra 

of  values  for  n  =  50.  The  correction  for  the  given  value- of  n  is 


0(100,  .2)  =  .0000805  loglOO  -'1.7  =  .00007. 

.57  -  p 

Hence  eq.  A3  becomes  C  =  -.00359  +  .00007  =  -.00352 

max 

from  which  C  =  (-  .685)  (-.00352)  =  .00241  and  =.63546+. 00241=. 63787. 

Br 

Since  B=»63791,  the  error  of  this  approximation  at  this  point  is  only 

P  -B=-0  00004  o 
Br 


Percentage  Points.  Alternative  method g,  of  using  the  percentage  -, 
point  tables  in  checking  values  of  cumulative  Binomial  probabilities?.?*' 
apply  to  the  two  cases  B(c,n,p)<»5  and  B(c,n,p)>.5. 


In  the  first  case  (Example  13):  For  n=50,  c=20.5  and  B(c,n,p)=.01 
to  find  the  single-trial  probability  which  gives  .01  as  cumulative 
probability  for  20.5  or  more  successes*.  To  enter  the  percentage  point 

table  use  V  =  2(n-c+l)  =  2(50-20.5+1)  =61  and  V  =2p  =2(20.5)  =41 

1  2 

In  using  these  tables,  page  179,  harmonic  interpolation  is  used  for  %S 

and  linear  interpolation  for  2S  g.  The  result  is  p=.247  which  closely 

checks  the  Binomial  probability  line  p=.25  on  Fig.  3,  where  this  line 
passes  through  the  point  c=20.5  and  p=.01. 


In  the  second  case,  (Example  14);  For  B(c,n,p)  Z..5:  for  n=9, 
c=5  and  B(c ,n,p) =.9  to  find  the  initial  probability  p  so  that  the  finp.1 
probability  of  5  or  more  successes  is  P=.9.  To  enter  the  tables 
for  this  case,  V  -^=2(5)  =10  and  V  g=2(9-5+l)=10,  Since  I^_p(n~c+l,c)  = 


1-1  (c,n-c+l),  then  the  table  of  percentage  points  (.005,  .01,  .025, 

P  . 

.05,  .10,  ,25,  .50)  also  can  be  used  to  give  values"of  p  =  1  -  p^  for 

various  values  of  jS  =  2c  and  IS  g=2(n-c+l)  for  which  P(c,n,p)=.995, . 
.99,  .975,  .90  and  .75  respectively.  .Referring  to  these.tables,  p.173. 


*  In  general,  of  course  only  integer  values  of  c  are  used. 
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Pj^30,'  The  desired  value  p  =l-.30=.t70.  This  checks  with  the  results 
derived  from  the  incomplete  Beta-function  tables* 

ri4| 

In  this  reference  u  J  ,  these  percentage  point  tables  are  followed 
by  5-significant-figure  tables  of  Lagrangian  coefficients  for  both  linear 
and  harmonic  interpolation  which  are  required  for  accurate  use  of  the 
above-mentioned  tables  of  said  percentage  points.  Harmonic  interpolation 
is  "applicable  to  any  table  of  percentage  points  (depending  on  a  parameter 
n  with  an  infinite  range)  in  which  the  statistic  can  be  adequately  repre¬ 
sented  as  a  polynomial  in  l/n,  a  property  of  any  ’ studentized*  statistic. 
Incidentally,  the  percentage  points  can  be  used  to  obtain  other  values  of 
B(c,n,p)  within  a  few  percent  by  plotting  the  tabulated  percentage  point 
values  on  probability  paper  where  they  lie  on  smooth,  nearly  linear  curves"* 

:  INTERPOLATION 


Extensive  interpolation  is  required  in  obtaining  probabilities  with 
the  required  accuracy  from  the  several  tables,,  Hence  interpolation  pro¬ 
cedures  form  an  essential  part  of  the  "examples" ' portion  of  a  work  on 
methods  of  obtaining  values  of  probabilities  within  .001. 

Using  tables,  it  generally  saves  time  to  plot  a  few  tabular  values 
from  adjacent  rows  and  columns,  transforming  entry  parameters  if  necessary 
to  a  basis  which  gives  lines  that  are  nearly  straight  —  so  that  linear 
numerical  interpolation  can  be  used.  Often  the  interpolation  can  be 
made  on  graphs  by  eye  alone  .with  sufficient  accuracy,  although  occasion¬ 
ally  a  "cross  plot"  or  "section"  graph  may  be  required* 


Experience  in  mapping  contours  permits  one  to  save  considerable  time' 
in  interpolating  with  the  necessary  accuracy.  And  this  may  be  the  only 
practical  way  of  proceeding  where  a  family  of  curves  is  involved,  eaoh 
of  which  is  based  on  too  few  points  for  accurate  interpolation  but  with 
enough  points  altogether  so  that  reliable  curves  can-be  drawn.  It  may 
seem  unscientific  to  use  a  set  of  freehand  curves,  but  this  may  be  the 
only  reasonably  rapid  method*  For  example,  it  was  used  in  drawing  the 
"contours"  on  Fig*  9* 

Some  methods  ^^®^^give  different  slopes  on  opposite  sides  of 
evenly  spaced  ordinates.  Osculatory  interpolation,  i*e.,  giving  a 
continuous  derivative,  requires  more  points  than  are  commonly  avail¬ 
able  or  convenient,  especially  near  the  ends  of  tables*  And  this  is  parti¬ 
cularly  true  where  one  or  more  points  of  inflection  are  involved. 


A  knowledge  of  the  curve  type  or  form  usually  reduces  the  number  of 
points  below  that  otherwise  needed*  For  example,  if  one  knows  that  a 
curve  is  a  circle,  only  three  points  are  needed  to  determine  it.  If  it 
'is  known  only  that  it  is  one  of  the  second  degree  equations,  or  that  the 
curve  is  a  conic  of  some  sort,  five  points  are  required*  And  higher 
numbers  of  points  are  needed  of  course  for  the  higher  degree  polynomials. 
The  use  of  logarithm  paper  is  occasionally  helpful  where  an  exponential 
can  be  put  through  a  base  point*  where  two  others  are  known  on  the  same 
side  of  the  base  point,  proceeding  in  the  direction  consistent  with  the  * 


*Using  departures  from  the  tangent  to  the  base  point. 
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type  of  curve,  i.e.,.  toward  a  portion  of  less  curvature®  Methods  of 
interpolation  also  furnish  enough  knowledge  of  relations  to  facilitate 
both  extrapolation  and  integration.  The  literature  is  so  extensive 
that  a  question  sometimes  exists  as  to  whether  it  is  not  less  time- 
consuming  to  proceed  from  fundamental  considerations  than  to  go  into 
the  literature.  So  much  for  generalities. 

Linear  interpolation  is  commonly  adequate,  the  adequacy  being 
readily  checked  by  taking  second  and  adjacent  higher  differences 
which  can  be  used  in  taking  care  of  the  non-linearities®  . 

Higher-Difference  Interpolation.  A  convenient  and  adequate 
formula  for  non-linear  interpolation  in  a  table  of  y  as  a  function 
of  x,  for  x  tabulated  with  equal  intervals,  is 

7  =  yx  +  (  “  ) -D*  +  (  “  )  D'«  +  (  3  )  D'»«  +  ...  +  (  “  )  DX 


=  y1  +  m  D«  +  m(m-l)  D* 5  +  m(m  -  1)  (m  -  2)  D» « '  + 


2  l 


31. 


where  xsxq+md,  values  yq  and  yg  respectively  are  tabulated  for  x  q  and 
the  constant  tabular  difference- is  d=Xg-x^,  and  D' ,  DM,  D’ ",  ... 

are  the  successive  differences  in  the  series  of  y’s  starting  with  y^, 

and  higher-order  differences  can  be  neglected® 

The  Binomial  coefficients  (m)  are  tabulated^^f  or  proper  fraction- 
al  values'  of  m  and  the  lower  orders  of  differences.  Of  course  Xq  may  be 
at  either  end  of  the  series  of  tabulated  values  of  x0 

Central  Interpolation  is  useful  where  a  value  of  y  must  be 

found  near  the  center  of  a  tabulated  series  of  a  relatively  few  values® 

Harmonic  Interpolation,  as  noted  earli.er  herein,’  is  useful  with 

percentage  point  tables  «  (Example  15:  ,For  the  case  of  example 

12,  the  percentage  point  tables  are  entered  with  Vj=61  and  V  ^A\0 

Using  harmonic  interpolation:  For  ^q=60  and  =A0*  P  =  <>24819® 

From  this: 

p(lA  =  .60)  lA  =  .61 

A — —L  =  -A  ■■■:.  ,  .248 19  -61 

P(^q  =  61)  Vq  =  60  p(2/^  =  6l)  go 

and  p(Vq=6l)=. 24412®  For Z'qs  ^=60,  p=.35258o 


p(ZA,=60)  V,=61  ,  .35258  =61  p(  ^,=61)  =  .34670 

pOT^iT  =  vpio  Hzxpir  W* 


ss 


At  V  \  =  61,  these  results  *24412  and  *34680  are  respectively 
f or  7^2  =  ^O  and  60*  .Using  linear  interpolation  p  =  .24412  + 

( *34680-. 24412)  =  .2466  or  .247  for  V  n  =  61  and  V  9  =  41,  which 
“  4l  T 

.247  is  close  to  the  actual  value  of  .250.  The  actual  value -is  closely, 
approximated  by  the  use  of  either  non-linear  interpolation  methods 
noted  above  or  the  Lagrangian  coefficients  following  these  percentage 

f  14*1 

point  tables  u  . 

Interpolation  by  use  of  auxiliary  table,  (Example  16) : 

For  example,  to  find  the  cumulative  Poisson  probability  P(  11,20) 
from  Table  C7,  using  the  Normal  Table  C6  as  the  auxiliary  table: 

From  Table  C7,  P(l0,20)  =  .99501  and  P(l2.,20)  =  .97861.  From 
Table  C6,  the  corresponding  deviates  are  2.5764  and  2.0259,  respec¬ 
tively?  from  which  t(ll)  =  2.30115,  and  by  re-entering  table  C6, 

P.  . (11,  20)  =  .98931 
xnt 

P(ll,  20)  _  .98919  from  the  Poisson-Molina  tables. 

Error  =  .00012 


This  tabular  method  of  interpolation  directly  corresponds  with  the 
graphical  method  illustrated  by  Figs.  3  and  4,  which  is  useful  where 
only  2 -decimal  accuracy  is  adequate. 

Of  course  this  nethod  of  interpolation  can  be  used  -whenever 
values  of  a  fast-moving  variable,  such  as  p(c,a),  can  be  transformed 
into  those  of  a  finely  tabulated  variable,  such  as  t,N,  in- which  a 
nearly  linear  relation  exists  between  the  parameters,  c  and  t  in  this 
example®  For  further  example,  the  Normal  Table,  or  even  an  extensive 
table  of  cosines,  can  be  thus  used  as  the  auxiliary  table  in  inter¬ 
polating  in  a  cumulative  Binomial  table.  Also  appended  are  several 
[(24  oxj 


references 


of  related  interest c 
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APPENDIX  C 
Tables 


Cl 

log  n. 

n  =  l(.Ol)lO,  10-places. 

C'2 

n  t  and  log 

n  *.  n  b  0(1)200,  10-places. 

C  3 

(n) 

and  log 

j_x/,  n  =l(l)50,  5-placeso 

C4 

ef, 

=  0( .001)1(1)100. 

C5 

B(c,n,p), 

n  =  1(1)20  and  p  =  .0l(.0l).5. 

C6 

Hormal  tables:  integral,  density  /(t)  and  2nd  derivative 

/(2)(t),  t 

=  o( .01)4 • 

C  7 

P(c,a),  c 

=  1(1)22,  a  =  ,001(.001).01(  .01)  .1(  .1)1(1)10 

and  c/a  = 

.1( .1)2.2,  a  =  10(10)100. 
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Table  01.  log  n.  n=l(. 01)10. 


.00000  00000 
.04139  26852 
.07918  12460 
.11394  33523 
.14612  80357 

.17609  12591 
; 20411  99827 
.23044  89214 

.25527  25051 

i 27875  36010 

.30102  99957 
.32221  92947 
.34242  26808 
.36172  78360 
.38021  12417 

.39794  00087 
.41497  33480 
.43136  37642 
.44715  80313 
.46239  79979 

.47712  12547 
.49136  16938 
-.50514  99783 
•51851  39399 
.53147  89170 

.54406  80444 
.55630  25008 
.56820  17241 
.57978  35966 
.59106  46070 

.60205  99913 
.61278  38567 
.62324  92904 
.63346  84556 

.64345  26765 

.65321  25138 
.66275  78317 
.67209  78579 
.68124  12374 
.69019  60800 

.69897  00043 
.70757  01761 
.71600  33436 
.72427  58696 
.73239  37598 


.00432  13738 
.04532  29788 
.08278  53703 
.11727  12957 
.14921  91127 

.17897  69473 
.20682  58760 
.23299  61104 
.25767  85749 
.28103  33672 

.30319  60574 
.32428  24553 
.34439  22737 
.36361  19799 
.38201  70426 

.39967  37215 
.41664  05073 
.43296  92909 
.44870  63199 
.46389  29890 

.47856  64956 
.49276  03890 
.50650  50324 
.51982  79938 
.53275  43790 

.54530  71165 
.55750  72019 
.56937  39096 
.58092  49757 
.59217  67574 

.60314  43726 
.61384  18219 
.62428  20958 
.63447  72702 
.64443  85895 

.65417  65419 
.66370  09254 
.67302  09071 
.68214  50764 
.69108  14921 

.69983  77259 
.70842  09001 
.71683  77233 
.72509  45211 
.73319 '72651 


.00860  01718 
.04921  80227 
.08635  98307 
.12057  39312 
.15228  83444 

.18184  35879 
•  .20951  50145 
.23552  84469 
.  .26007  13880 
.28330  12287 

.  .30535  13694. 
.32633  58609 
.34635  29745 
.36548  79849 
.38-381  53660 

.40140  05408 
.41830  12913 
.434=6  89040 
.45024  91083 
.46538  28514 

.48000  69430 
.49415  45940 
.50785  58717 
.52113  80837 
.53402  61061 

.54654  26635 
.55870  85705 
.57054  29399 
.58206  33629 
.59328  60670 

.60422  60531 
.61489  721 60 
.62531  24510 
.63548  37468 
.64542  22693 

.65513  84348 
.66464  19756 
.67394  19986 
.68304  70382 
.69196  51028 

.70070  37171 
.70926  99610 
.71767  05030 
.72591  16323 
.73399  92865 


.01283  72247 
.05307  84435 
.08990  51114 
.12385  16410 
.15533  60375 

.18469  14308 
.21218  76044 
.23804  61031 
.26245  10897 
.28555  73090 

.30749  6037? 
.32837  96034 
.34830  48631 
.36735  59210 
.38560  62736 

.40312  05212 
.41995  57485 
.43616  26470 
.45178  64355 
.46686  76204 

.48144  26285 
.49554  43375 
,50920  25223 
.52244  42335 
•53529  41200 

.54777  47054 
.55990  66250 
.57170  88318 
.58319  87740 
.59439  25504 

.60530  50461 
.51595  00517 
.62634  03674 
.63648  78964 
.64640  37262 

.65609  82020 
.66558  09910 
.67486  11407 
.68394  71308 
.69284  69193 

.70156  79851 
.71011  73651 
.71850  16889 
.72672  72090 
.73479  98296 


.01703  33393 
.05690  48513 
.09342  1  6852 
.12710  47984 
.158  3  6  249.21 

.18752  07208 
.21484  38480 
.24054  92483 
.26481  78230 
.28780  17299 

.30963  01674 
.33041  37733 
,35024  80183 
.36921  58574 
.38738  98263 

.40483  37166 
.42160  39269 
-.43775  05628 
.45331  83400 
.46834  73304 

.48287  35836 
.49692  96481 
.51054  50102 
•52374  64668 
.53655  84426 

.54900  32620 
.56110  13836 
.57287  16022 
.58433  12244 
.59549  62218 

.60638  13651 
.61700  03411 
.62736  58566 
.63748  97295 
.64738  29701 

.65705  58529 
.66651  79806 
.67577  83417 
.68484  53616 
.69372  69489 

.70243  05364 
.71096  31190 
.71933  12870 
.72754  12570 
.73559  80997 


6 


7 


8 


9 


n 


.02118  92991 
.06069  78404 
.09691  00130 
.13033  37  685 
.16136  80022 

.19033  16982 
.21748  39442 
.24303  80487 
.26717  17284 
.29003  46114 

.31175  38611 
,33243  84599 
,35218  25181 
.37106  78623 
.38916  60844 

.40654  01804 
.42324  58739 
.43933  26938 
.45484  48600 
.46982  20160 

.48429  98393 
.49831  05538 
.51188  33610 
.52504  48070 
.53781  90951 

.55022  83531 
.56229  28645 
.57403  12677 
.58546  07295 
•59659  70956 

.60745  50232 
.61804  80967 
.62838  89301 
,63848  92570 
.64836  00110 

.65801  13967 
.66745  29529 
.67669  36096 
.68574  17386 
.69460  51989 

.70329  13781 
.71180  72290 
.72015  93034 
.72835  37820 
.73639  65023 


.02530  58653 
.06445  79892 
.10037  05451 
.13353  89084 
.16435  28550 

.19312  45984 
.22010  80880 
.24551  26678 
.26951  29442 
.29225  60714 

.31386  72204 
.33445  37512  . 
,35410  84391 
.37291  20030 
.39093  51071 

.40823  99653 
.42488  16366 
.44090  90821 
.45636  60331 
.47129  17111 

.43572  14265 
.49968  70826 
..51321  76001 
.52633  92774 
.53907  60988 

.55144  99980 
,56348  10854 
.57518  78449 
.58658  73047 
.59769  51359 

.60852  60336 
.61909  33306 
.62940  95991 
.63948  64893 
.64933  48587 

.65896  48427 
.66838  59167 
.67760  69527 
.68663  62693 
.69548  16765 

.70415  05168 
.71264  97016 
.72098  57442 
.72916  47897 
.73719  26427 


.02938  37777 
.06818  58617 
.10380  37210 
.13672  05672 
.16731  73347 

.19589  96524 
.22271  64711 
.24797  32664 
.27184  16065 
.29446  62262 

.31597  03455 
.33645  97338 
.35602  58572 
.37474  83460 
.39269  69533 

.40993  31233 
.42651  12614 
.44247  97691 
.45788  18967 
.47275  64493 

.43713  83755 
.50105  92622 
.51454  77527 
.52762  99009 
.54032  94748 

.55266  82161 
.56466  60643 
.57634  13502 
.58771  09650 
.59879  05068 

.60959  44092 
.62013  60550 
.63042  78750 
.64048  14370 
.65030  75231 

.65991  62001 
.66931  68806 
.67851  83790 
.68752  89612 
.69635  63887 

.70500  79593 
.71349  05431 
.72181  06152 
.72997  42857 
.73798  73263 


.03342  37555 
.07188  20073 
.10720  99696 
.13987  90864 
.17026  17154 

.19865  70870 
.22530  92817 
.25042  00023 

.27415  78493 
.29666  51903 

.31806  33350 
.33845  64936 
,35793  48470 
.37657  69571 
.39445  16808 

.41161  97060 
.42813  47940 
.44404  47959 
.45939  24878 
.47421  62641 

.48855  07165 
.50242  71200 
.51587  38437 
.52891  67003 
.54157  92439 

.55388  30266 
.56584  78187 
.57749  17998 
.58883  17256 
.59988  30721 

.61066  01631 
.62117  62818 
.63144  37690 
.64147  41105 
.65127  80140 

.66086  54780 
.67024  58531 
.67942  78966 
.68841  98220 
.69722  93428 

.70586  37123 
.71432  97597 
.72263  39225 
.73078  22757 
.73878  05585 


.03742  64979 
.07554  69614 
.11058  97103 
.14301  48003 
.17318  62684 

.20139  71243 
.22788  67046 
.25285  30310 
.27646  13042 
.29885  30764 

.32014  62861 
.34044  41148 
.35983  54823 
.37839  79009 
.39619  93471 

.41329  97641 
.42975  22800 
.44560  42033 
.46089  78428 
.47567  11883 

.48995  84794 
.50379  06831 
.51719  58979 
.53019  96982 
.54282  54270 

.55509  44486 
.56702  63662 
.57863  92100 
.58994  96013 
.60097  28957 

.61172  33080 
.62221  40230 
.63245  72922 
.64246  45202 
.65224  63410 

.66181  26855 
.67117  28427 
.68033  55134 
.68930  86591 
.69810  05456 

.70671  77823 
.71516  73578 
.72345  56720 
.73158  87652 
.73957  23445 


5.5 

.74036  26895 

5.6 

.74818  60270 

5.7 

.75587  48557 

5.6 

.76342  79936 

5.9 

.77085  20116 

6.0 

.77815  12504 

6.1 

.78532  98350 

6.2 

.79239  16895 

6.3 

.79934  05495 

6.4 

.80617  99740 

6.5 

.81291  33566 

6.6 

6.7 

6.8 

.81954  39355 
.82507  48027 

.83250  89127 

6.9 

.83884  90907 

7.0 

.84509  80400 

7.1 

.85125  8  3467 

7.2 

.85733  24964 
.86332  28601 

7.3 

7.4 

.86923  17197 

7.5 

.87506  12634 

7.6 

.55031  35923 

7.7 

.88649  07252 

7.8 

.89209  46027 

7.9 

.89762  70913 

3.0 

.90308  99870 

8.1 

.90848  50139 

8.2 

.91331  38524 

8.3 

.91907  80924 

8.4 

.92427  92861 

8.5 

.92941  69257 

8.6 

.93449  84512 

8.7 

.93951  92526 

8.6 

.94448  26722 

6.9 

.94939  0000U 

9.0 

.95424  25094 

9.1 

.95904  13923 

9.2 

.95378  78273 

9.3 

.96846  29486 

9.4 

.97312  78536 

9.5 

.97772  36053 

9.6 

.98227  12330 

9.7 

.98677  17343 

9.8 

.99122  60757 

9.9 

.99563  51946 

n 

0 

.74115  15989 
.74695  28613 
.75663  61082 
.76417  61324 
.77158  74809 

.77887  44720 
.78604  12102 
.79309  16002 
.80002  93592 
.00685  80295 

.81358  09686 
.82020  14=95 
.82672  26202 
.83314  71119 
.83947  80474 

.84571  80180 
.65186  96007 
.85793  52647 
.66391  73770 
.85981  82030 

.87563  99370 
.68138  46558 
.88705  43731 
.89265  10339 
.89817  64635 

.90363  25161 
.90902  08542 
.91434  31571 
.91960  10233 
.92479  59958 

.92992  95601 
.93500  31515 
.94001  61550 
.94497  59084 
.94987  77040 

.95472  47910 
.95951  83770 
.96425  96302 
.96894  96810 
.97358  96234 

.97818  05169 
.98272  33877 
.98721  92299 
.99156  90074 
.99607  36545 


.74193  90777 
.74973  63156 
.75739  60288 
.76492  29846 
.77232  17067 

.77959  64913 
.78675  14221 
.79379  03847 
.80071  70783 
.80753  50281 

.81424  75957 
.82085  79894 
.82736  92731 
.83378  43747 
.84010  60945 

.84633  71121 
.85247  99936 
.85853  71976 
.86451  10811 
.87040  39053 

.87621  78406 
.88195  49713 
.88761  73003 
.39320  67531 
.39872  51816 

.90417  43633 
.90955  50292 
.91487  18175 
.92012  33263 
.92531  20915 

.93043  95948 
.93550  72558 
.94051  64849 
.94546  85851 
.95036  48544 

.95520  65375 
.95999  43383 
.96473  09211 
.96941  59124 
.97405  09028 

.97863  69484 
.98317  50720 
.98766  62649 
.99211  14873 
.99651  16722 


.74272  51313 
.75050  83949 
.75815  46220 
.76566  85548 
.77305  46934 

.78031  73122 
.78746  04745 
.79448  60467 
.60140  371CO 
.80821  09729 

.81491  31813 
.82151  35284 
.82801  50642 
.83442  07037 
.84073  32346 

.84695  53250 
.85308  95299 
.85913  82973 
.66510  39746 
.87098  88138 

.87679  49762 
.88252  45380 
.88617  94939 
.69376  17621 
.89927  31873 

.90471  55453 
.91009  05455 
.91539  98352 
.92064  50014 
.92582  75746 

.93094  90312 
.93601  07957 
.94101  42437 
.94595  07036 
.95085  14589 

.95568  77503  ■ 
.96047  07775 
.96520  17010 
.96988  16437 
.97451  16927 

.97909  29006 
.98362  62871 
.98311  28403 
.99255  35178 
.99694  92485 


..74350  97647 
.75127  91040 
.75891  18924 
.76641  28471 
.77378  64450 

.78103  69387 
.78816  83731 
.79518  45897 
.80208  92579 
.80888  58674 

.81557  77483 
.82216  60794 
.82865  98965 
.83505  61017 
.84135  94705 

.64757  26591 
.85369  82118 
.85973  85662 
.86569  60599 
.87157  29355 

.87737  13459 
.88309  33586 
.88874  09607 
.89431  60627 
.39982  05024 

.90525  60467 
.91062  44049 
.91592  72117 
.92116  60506 
.92634  24466 

.93145  78707 
.93651  37425/ 
.94151  14326 
.94645  22650 
.95133  75188 

.95616  84305 
.96094  61957 
.96567  19712 
.97034  68752 
.97497  19943 

.97954  83747 
.98407  70339 
.98655  89569 
.99299  50984 
.99738  63844 


.74429  29831  .74507  47916  .74585  51952  .74663  41989  .74741  16079 
.75204  84478  .75281  64312  .75358  30589  .75434  83357  .75511  22664 
.75966  73447  .76042  24334  .76-117  58132  .76192  76384  .76267  85637 
.76715  58661  ■  .76789  76160  .  76863  81012  .  76937  73261  .77011  52948 
.77451  69657  .77524  62597  .77597  43311  .77670  11840  .77742  6S224 

.78175  53747  .78247  26242  .78318  86911  .78390  35793  .78461  72^27 
.78887  51158  .78958  07122  .79028  5l64o  .79098  84751  .79169  06490 
.79588  00173  .79657  43332  .79726  75408  .79795  96437  .79665  06454 
.80277  37253  .80345  71156  .80413  94323  .80482  06787  .80550  08582 
.80955  97146  .61023  25180  .81090  42807  .81157  50059  .81224  46966 

.81624  13000  .81690  36394  .81756  53696  .81822  58936  .81866  54146 
.82282  16453  .82347  42292  .82412  58339  .82477  64625  .62542  61176 
.82930  3772S  .82994  65959  .83058  86687  .83122  96939  .83166  97743 
.83569  05715  .83632  41157  .83695  67371  .83758  84362  .83821  92210 
.84198  48046  .84260  92396  .84323  27781  .84385  54226  .84447  71757 


.84818  91170 

.85430  60418 
.86033  80066 
,86628  73391 
.87215  62727 

.87794  69516 
.88366  14352 
.68930  17025 
.89466  96567 
.90036  71287 

.90579  58804 
.91115  76087 
.91645  39465 
.92168  64755 
.9268  5  67089 

.93196  61147 
.93701  61075 
.94200  80530 
.94694  32707 
.95182  30353 

.95664  85792 
.96142  10941 
.96614  17327 
.97081  16109 
.97543  18085 

.98000  33716 
.96452  73133 
.98900  46157 
.99343  62305 
.99762  30807 


.84880  47011 
.85491  30223 
.86093  66207 
.86687  78143 
.87273  88275 


.88422  87696 
.88986  17213 
.8954  2  25460 
.90091  30677 

.90633  50418 
.91159  01568 
.91698  00473 
.92220  62774 
.92737  03630 

! 93247  37647 
.93751  78920 
.94250  4 |o62 
.94743  37219 
.95250  80097 

.95712  81977 
.9 6189  54737 
,93661  09867 
.97127  58487 
.97589  11364 

.98045  78923 
.98497  71264 
.98944  98177 
.99387  69149 
.99825  93384 


.84941  94138  .85003  32577  .85064  62352  7.0 
.85551  91557  .85612  44442  .85672  8e904  7.1 
.66153  44109  .86213  13793  .86272  75283  7.2 
.86746  74879  .86805  63618  .86664  44384  7.3 
.87332  06016  .87390  15979  .87448  16177  7.4 

.87909  58795  .87966  92056  .88024  17759  7.5 
.88479  53639  .88536  12200  .88592  63396  7.6 
.89042  10188  .89097  95970  .89153  74577  7.7 
.89597  47324  .89652  62175  .89707  70032  7.6 
.90145  83214  .90200  28914  .90254  67793  7.9 

.90667  35347'  .90741  13608  .90794  65216  8.0 
.91222  20565  .91275  33037  .91328  39018  8.1 
.91750  55096  .91803  03368  .91855  45306  5.2 
.92272  54580  .92324  40166  .92376  19606  6.3 
.92788  34103  .92839  58523  .92890  76902  8.4 

.93298  08219  .93348  72878  .93399  31638  8:5 
.93801  90975  .93851  97252  .93901  97764  8.6 
.94299  95934  .94349  45159  .94396  88751  8.7 
.94792  36198  .94841  29658  .94890  17610  6.8 
.95279  24430  .95327  63367  .95375  96917  6.9 

.95760  72871  .95808  58485  .95856  38832  9.0 
.96236  93357  ■  .96284  26812  .9633155114  9.1 
.96707  97341  .96754  79762  .968a  571 40  9.2 
.97173  95909  .97220  28384  .97266  55923  9.3 
.97634  99790  .97680  83373  .97726  62124  9.4 

.98091  19378  .98136  55091  .96181  66072  9-5 
.98542  64741  .98587  55573  .98632  37771  9.6 
.98969  45637  .99033  88548  .99078  26918  9.7' 
.99431  71527  .99475  69446  .99519  62916  9.8 
.99869  51583  .99913  05413  .99956  54882  9.9 
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Table  C2 


n=Of 1)200. 


nj 


0 

1 

0.00000  00000 

1 

1 

0.00000  00000 

2 

2 

-  0.30102  99957 

3 

6 

0.77815  12504 

4 

24 

1.38021  12417 

5 

120 

2.07918  12460  ' 

6 

720 

2.65733  24964 

7 

5040 

3.70243  05364 

8 

40320 

4.60552  05234 

9 

3  62880 

5.55976  30329 

10 

36  28800 

6.55976  30329 

11 

399  15800 

7.60115  57130 

12 

4790  01600 

8.68033  69641 

13 

62270  20800 

9.79428  03164 

14 

87178  29120 

10.94040  83521 

15 

13076  74368 

12.11649  96111 

16 

20922  78989 

13.32061  95938 

17 

35568  74281 

14.55106  85152 

18 

64023  73706 

15.80634  10203 

19 

12164  51004 

17.08509  46212 

20 

24329  02008 

18.38612  46169 

21 

51090  94217 

19.70834  39116 

22 

11240  00728 

21.05076  65924 

23 

25852  01674 
62044  84017 

22.41249  44285 

24 

23.79270  56702 

25 

15511  21004 

25.19064  56788 

26 

40329  14611 

26.60561  90268 

27 

10888  86945 

28.03698  27910 

28 

30488  83446 

29.48414  08223 

29 

88417  61994 

30.94553  88202 

30 

26525  28598 

32.42366  00749 

31 

82228  38654 

33.91502  17688 

32 

26313  08369 

35.42017  17471 

33 

86833  17619 

36.93868  56870 

34 

29523  27990 

38.47016  46040 

35 

10333  14797 

40.01423  26484 

36 

37199  33268 

41.57053  51491 

37 

13763  75309 

43.13873  68732 

38 

52302  26175 

44.71852  04698 

39 

20397  88208 

46.30958  50768 

40 

81591  52832 

47.91164  50682 

41 

33452  52661 

49.52442  89249 

42 

14050  06118 

51.14767  82153 

43 

60415  26306 

52.76114  66709 

44 

26582  71575 

54.42459  93473 

45 

11962  22209 

56.07781  18611 

46 

55026  22160 

57.74056  96928 

47 

25862  32415 

59.4126 6  75507 

48 

12413  91559 

61.09390  87881 

49 

60828  18640 

62.78410  48681 

nl  log  nl 

50  30414  09320  64.48307  48725 

51  15511  18753  66.19064  50466 

52  80658  17517  67.90664  83922 

53  42748  83284  69.63092  42618 

54  23084  36973  71.36331  80216 

55  12696  40335  73.10368  07111 

56  71099  85878  74.85186  87381 

57  40526  91950  76.60774  35938 

58  23505  51331  78.37117  15874 

59  13868  31185  80.14202  25990 

60  83209  87113  81.92017  48494 

61  50758  02139  83.70550  46844 

52  31469  97326  85.49789  63739 

63  19826  08315  87.29723  69234 

64  1263869322  89.1034168973 

65  82476  50592  90.91633  02540 

66  54434  49391  92.73587  41895 

67  36471  11092  94.56194  89922 

68'  24300.35542  96.39445  79049 

69  17112  24524  98.23330  69957 

70  11978  57167  100.07840  50357 

71  85047  65886  101.92966  33844 

72  61234  45838  103.78699  58808 

73  44701  15462  105.65031  87410 

74  33078  85442  107.51955  04607 

75  24809  14081  109.39461  17241 

76  18854  94702  III.27542  53164 

77  14518  30920  113. 16191  60415 

78  11324  28118  115.05401  06442 

79  89461  32131  116.95163  77355 

80  71569  45705  118.35472  77225 

81  57971  26021  120.76321  27414 

82  47536  43337  122.67702  65938 

63  39455  23970  124.59610  46861 

84  33142  40135  126. 52036  39722 

85  28171  04114  128.44980  28979 

86  24227  09538  130.38430  13492 

87  21077  57298  132.32332  06018 

88  18548  26423  134.26830  32739 

89  16507  95516  136.21769  32806 

90  14857  15964  138.17193  57900 

91  13520  01528  140.13097  71823 

92  12438  41405  142.09476  50097 

93  11567  72507  144.06324  79582 

94  10873  66157  146.03637  58118 

95  10329  97849  148.01409  94171 

96  99167  79349  149.99637  06502 

97  96192  75968  151.98314  23644 

98  94268  90449  153.97436  84601 

99  93326  21544  155.97000  56547 


n 


n 


nl  log  n'. 

100  93326  21544  157.97000  36547 

101  94259  47760  159.97432  50265 

102  96144  66715  161.98292  52003 

103  99029  00716  163.99576  24250 

104  10299  01675  166.01279  57643 

105  10813  96758  168.03398  50633 

106  11462  80564  170.05929  09286 

107  12265  20203  172.08867  47063 

108  13246  41819  174.12209  84618 

109  14438  59583  176.15952  49597 

110  15882  45542  178.20091  76449 

111  17629  52551  180.24624  06237 

112  19745  06857  182.29545  86463 

113  22311  92749  184.34853  70898 

114  25435  59733  186.40544  19411 

115  29250  93693  188.46613  97815 

116  33931  08684  190.53059  77707 

117  39699  37161  192.59678  36325 

118  46845  25850  194.670 66  56398 

119  55745  85761  196.74621  26012 

120  66895  02913  198.82539  38472 

121  80942  98525  200.90817  92175 

122  98750  44201  202.99453  90482 

123  12146  30437  205.08444  41597 

124  1506I  41742  207.17786  58443 

125  18826  77177  209.27477  58578 

126  23721  73243  211.37514  64029 

127  30126  60018  213.47895  01239 

128  36562  04824  215.58616  00935 

129  49745  04222  217.69674  98038 

130  64668  55489  219.81069  31561 

131  84715  80691  221.92796  44518 

132  11182  48651  224.04853  83830 

133  14872  70706  226.17239  00240 

134  19929  42746  228.29949  48223 


■  nl  log  nl 

150  57133  83956  262.75689  34109 

151  86272  09774  264.93587  03562 

152  13113  35886  267.11771  39452 

153  20063  43905  269.30240  53770 

154  30897  69614  271.48992  60976 

155  4789142901'  273.6602577960 

156  74710  62926  275. 87338  23943 

157  11729  56879  278.06926  20455 

158  18532  71869  280.26793  91337 

159  29467  02272  232.46933  62560 

160  47147  23636  284.67345  62407 

161  75907  05054  286.88028  21167 

162  12296  94219  289.08979  71313 

163  20044  01577  291.30198  47357 

164  32872  I6586  293.51682  65837 

165  54239  io666  295.73431  25279 

166  90036  91706  297.95442  C616O 

167-  15036  16515  300.17713  70871 

'168  25260  75745  302.402 '-(4  63688 

169  42690  68009  304.63033  30735 

170  '  72574  15615  306.86078  19948 

171  12410  18070  309.09377  61052 

172  21345  5108I  311.32930  55521 

173  36927  73370  313.56735  26553 

174  64254  25653  315.80790  19035 

175  11244  49491  318.05093  99522 

175  19790  31104  320.29645  26200 

177  35028  85055  322.54442  58864 

178  62351  35397  324.79484  585-37 

179  11160  89236  327.04769  89197 

180  20089  60625  329.30297  1424S 

181  '36362  18731  331.55064  93997 

182  66179  18091  333.82072  13876 

183  12110  79011  336.08317  24774 

184  22283  8538O  338.34799  03004 


135  26904  72707 

136  36590  42882 

137  50128  €3748 

138  69177  86473 

139  96157  23197 

140  13462  01248 

141 ■  18981  43759 

142  26953  64138 

143  33543  70717 

144  55502  93833 


230.42982  85908 
232.56336  74992 
234.70008  80664 
236.83996  71523 
238.98298  19530 

241.12910  99887 
243.27832  91014 
245.43061  74457 
247.5859  5  34832 
249.74431  59753 


185  41225  12952 

186  76678  74091 

137  14338  92455 

188  26957  17815 

189  50949  06671 

190  9680  3  2267  5 

191  18489  41631 

192  35499  67931 

193  68514  38108 

194  13291  78993 


340.61516  2C288 
342.88467  49730 
345.15651  65795 
347.43067  44233 
349.70713  62330 

351.98588  98339 
354.26592  32012 
356.55022  442^0 
358. 8357?  17389 
361.12358  34688 


145  80479  26057  251.90568  39775 

146  11749  97204  254.07*73  68333 

147  17272  45890  256.23735  41681 

148  25563  23918  258.40761  58835 

149  38089  22638  260. 58080  21519 


195  25918  99036  363.41361  80802 

196  50801  22111  365.70587  41515 

197  10007  84056  368.00034  03777 

198  3  9815  52431  370.29700  55560 

199  3y432  89337  372.59585  86444 


200  78665  78674  374.89688  86400 


fn)  (n) 

Table  03, 'x'  and  log  x' , 


fn)  (n)  (n)  (n)  (nJ  (n) 

x^  log'x'  V  .  logV  x  log' x 


fn)  (n) 

*x'  log'x; 


(n) 
1  Og'  X 


0.00000 

0.00000 


0.00000  1 
0.30103  3 
0.00000  3 
-  1 


0.00000 

0.47712 

0.47712 

0.00000 


0.00000 

0.6C206 

0.77815 

0.60206 

0.00000 


o.ooono 

0.69697 

1.00000 

1.00000 

0.69897 

0.00000 


1.C4139 

1.74036 

2.21748 

2.51851 

2.66464 

2.66464 


1.07918 

1.81954 

2.34242 

2.69461 

2.89373 

2.96567 


1.11394 
1.89209 
2.45637 
2.85431 
3. 109 58 

3.23452 

3.23452 


14  1.14613 
91  1.95904 
364  2.56110 
1001  3.00043 
2002  3.30146 

3003  3.47756 
3432  3.53555 


15  1.17609 
105  2.02119 
455  2.65801 
1365  3.13513 
3003  3.47756 

5005  3.69940 
6435  3.60855 
6435  3.80855 


21  1.32222  22  1.34242  23  1.36173 
210  2.32222  231  2.3636I  253  2.40312 
1330  3.12385  1540  3.18752  1771  3.24822 
5985  3.77706  7315  3.86421  8855  3.94719 
20349  4.30854  26334  4.42052  33649  4.52697 

54264  ^.73451  74613  4.87281  10095  5.00409 
11628  5.06551  17054  5.23184  24516  5.38944 
20349  5.30854  31977  5.50484  49031  5.69047 
29393  5.46824  49742  5-69672  81719  5.91232 
35272  5.54743  64665  5.81067  11441  6.05645 

35272  5.54743  70543  5.84846  13521  6.13100 

13521  6.13100 


24  1.38021 
276  2.44091 
2024  3.30621 
10626  4.02637 
42=04  4.62843 

13460  5.12903 
34610  5.53921 
73547  5.66657 
13075  6.11644 
19613  6.29253 

24961  6.39727 
27042  6.43203 


25  1.39794 
300  2.47712 
2300  3.36173 
12650  4.10209 
53130  4.72534 

17710  5.24822 
48070  =,68187 
10816  6.03406 
20430  6.3102 6 
32688  6.51438 

44574  6.64908 
52003  6.71603 
52003  6.71603 


ln\  r n 1 

*'0;=1  r.nd  .‘.log'O -0  throughout  these 'tables. 


(x> 

H 

O 

X3 

(n) 

*  vx' 

(n) 

log'x' 

<s> 

(n) 
lOg  A 

n 

vx' 

(n> 
log 'x ' 

<x> 

log^x) 

6 

7 

8 

9 

10  n 

1 

0.00000 

1 

0.00000 

1 

0.00000 

1 

0.00000 

1 

0.00000 

6 

0.77815 

7 

0.84510 

8 

'0.90309 

9 

0.95424 

10 

1.00000 

15 

1.17609 

21  . 

1.32222 

28 

' 1.44716 

36 

1.55630 

45 

1.65321 

20 

1.30103 

35 

1.54407 

56 

•1.74819 

84 

1.92428 

120 

2.07918 

15 

1.17609 

35 

1.54407 

70 

1.84510 

126 

2.10037 

210 

2.32222 

6 

0.77815 

21 

1.32222 

56 

1.74819 

126 

2.10037 

252 

2.40140 

1 

0.00000 

7 

0.84510 

28 

1.44716 

84 

1.92428 

210 

2.32222 

1 

0.00000' 

8 

0.90309 

36 

1,55630 

120 

2.07918 

1 

0.00000 

9 

0.95424 

45 

1.65321 

..... 

-  - - - 

1 

0.00000 

10 

1.00000 

— 

1 

0.00000 

16 


17 


18 


19 


20 


16  1.20412  17  1.23045  18 

120  2.07918  136  2,13354  153 

560  2.74819  680  2.83251  816 

1820  '3.26007  2380  3.37658  3060 

4368  3.64028  6188  3.79155  8568 


1.2=527  19  1.27875  20  1.30103 
2.18469  171  2.23300  190  2.27875 
2.91169  9 69  2.98632  1140  3.05690 
3.48572  3876  3.58838  4845  3.68529 
3.93288  11628  4.06551  15504  4.19044 


8008  3.90352  12376  4.09258  18564  4.26867  27132  4.43348  38760  4.58838  6 

11440  4.05843  19448  4.28887  31324  4.50275  503S8  4.70233  77520  4.88941  7 

12870  4.10958  24310  4.38579  43756  4.64106  75582  4.87842  12597  5.10027  S 

24310  4.38579  48620  4.68681  92378  4.96557  16796  5.22521  9 

92378  4.96557  18476  5.26660  10 


26  27  28  29  30 


26  1.41497 

325  2.51188 
2600  3.41497 
14950  4.17464 
65780  4.81809 


27  1.43136 

351  2.54531 
2925  3.46613 
17550  4.24428 
80730  4.90703 


23  1.44716 
378  2.57749 
3276  3.51534 
20475  4.31122 
98280  4.99247 


29  1.46240 
406  2.6O853 
3654  3.56277 
23751  4.37568 
11875  5.07465 


30  1.47712 
435  2.63849 
4060  3.60853 
27405  4.43783 
14251  5.15383 


1 

2 

3 

4 

5 


23023  3.36216 
65780  5.81S09 
15623  6.19376 
31245  6.49479 
53117  6.72524 


29601  5.47131 
88803  5.94843 
22201  6.34637 
46868  6.67088 
84363  6.92615 


37674  5.57604 
11840  6.07337 
31081  6.492=0 
69069  6.8-5926 
13123  7.11004 


47502  5.67671 
15608  6.19334 
42921  6.63267 
10015  7-00065 
20030  7.30168 


59377  5.77362 
20358  6.30874 
56=29  6.767^7 
14307  7.1=555 
30045  7.47777 


6 

7 

6 

9 

10 


77262  6.88796 
96577  6.98487 
10401  7.01706 


13033  7.11521 
17364  7.24015 
20058  7.30229 
20058  7.30229 


21474  7.33192 
30422  7.48318 
37442  7.57336 
40117  7.60332 


34597  7.53904  54627  7.73741  11 
51896  7.71513  66493  7.93698  12 
67864  7.83164  11976  8.07&31  1^ 
77559  7.86963  14542  8.16263  14 
77559  7.88963  15512  £.19066  15 


log<x>  <x> 


(n)  (n) 
log  X  V 


(n)  (n) 
log'x'  lx' 


(n)  (n)  (n) 

log'x  '  x'  log V 


1.49136  32 
2.66745  496 
3.65273  4960 
4.49783  35960 
5.23022  20138 

5.86704  90619 
6.41909  33659 
6.89701  10513 
7.30449  28049 
7.54691  64512 

7.92774  12902 
8.14959  22579 
3.31440  34737 
8.42354  47144 
8.47790  55572 


1.50515  33 

2.69548  528 

3.69548  5455 
4.55582  40920 
5.30401  23734 

5.95722  11076 
6.52710  42720 
7.02195  13884 
7.44791  38567 
7.C0954  92561 

8.11067  19354 
8.35371  35482 
8.54080  57317 
8.67342  81881 
8.75260  10372 


1.51851  34 
2.72263  561 
3.736S7  5984 
4.61194  46376 
5.37536  27026 

6.04437  13449 
5.63064  53796 
7.14252  10156 
7.58522  52451 
7.96643  13113 

8.28676  28610 
8.55000  64835 
8.7  5828  92798 
6.91318  13920 
9.01585  18560 


1.53148  35 
2.74896  595 
3.77699  6545 
4.66629  52360 
5.44444  32463 

6.12869  16232 
6.73075  57245 
7.26903  23536 
7.71976  70607 
8.11770  18358 

8.45651  41723 
8.73906  83445 
8.96754  14763 
9.14363  23200 
9.26857  32479 


1.54407 

2.77452 

3.81591 

4.71900 

5.51139 

6.21036 

6.82766 

7.37173 

7.84685 

8.26382 

8.62037 

8.92140 

9.16919 

9.36548 

9.51161 


30054  8.47790  50108  8.77893  11668  9.06700  22040  9.34320  40599  9.60862 

11668  9.06700  23336  9.36803  45376  9.65682 

45376  9.65682 


41  1.61278  42  1.52325  43  1.63347  44  1.64345  45  1,65321 
820  2.91381  861  2.93500  903  2.95569  946  2.97589  990  2.99554 
10660  4.02776  11480  4.05994  12341  4.09135  13244  4.12202  14190  4.15198 
10127  5.00548  11193  5.04895  12341  5.09135  13575  5.13274  14900  5.17317 
74940  5.87471  85067  5.92976  96260  5.98345  10860  6.03583  12218  6.08699 


44964  6.65286  52458 
22482  7.35183  26978 


6.71981  60965 
7.43101  32224 


6.78508  7C591  6.84875  81451  6.91089 
7.50818  36321  7-58343  45380  7.65686 


95548  7.98022  11803  8.07199  14501  8.16139  17723  8.24854  21555  8.33355 
35034  8.54449  44589  8.64923  55392  e. 75122  70893  8.65060  88616  8.94751 
11211  9.04964  14714  9.16774  19173  9.28270  24813  9.39467  31902  9.50382 

31595  9.49961  42806  9.63150  57520  9.75982  76693  9.88476  10151  10.00649 
78987  9.89755  11058  10.04368  15339  10.18579  21091  10.32409  26760  10.45879 
17620  10.24601  25519  10.40686  36577  10.56321  51916  10.71530  73006  10.86356 
35240  10.54704  52860  10.72313  78379  10.89420  11496  11.06053  16687  11.22238 
63432  10.80231  93672  10.99420  15153  11.18051  22991  11.36156  34487  11.53755 

10308  11.01316  16651  11.22144  26518  11.42^54  41671  11.61984  64663  11,81065 
15188  11.16065  2=466  11.40596  42117  11.62446  68635  11.83655  11031  12.04260 
20211  11.30559  35370  11.54863  60836  11.78416  10295  12.01264  17159  12.23^49 
24466  11.38857  44678  11.65009  80047  11.90335  14088  12.14866  24384  12.38710 
26913  11.42996  51379  11.71079  96057  11.98253  17610  12.24577  31699  12.50104 

26913  11.42996  53826  11.73099  10520  12.02204  20126  12.30376  37737  12.57675 

10520  12.02204  21041  12.32307  41167  12.61455 

41167  12.61455 


(n)  (n) 
log  x  'x/ 


(n\ 

log'x' 


(n) 

log'x' 


(n) 

log'x' 


1.55630  37 
2.79934  666 
3.S5370  7770 
4.77015  66045 
5.57633  43590 

6.28954  23248 
6.92157  10295 
7.48087  38608 
7.97379  12440 
8.40515  34833 

6.77873  85499 
9.09749  18525 
9.36376  35525 
9.57936  61071 
9.74569  93642 


1.56820  38 
2.82347  703 
3.89042  8436 
4.81984  73815 
5.63936  50194 

6.36638  27607 
7.01265  12620 
7.56668  48903 
8.09483  16301 
8.54199  47273 


1.57978  39 
2.84696  741 
3.92614  9139 
4.86814  822=1 
5.70065  57576 

6.44-102  32626 
7.10107  15381 
7.68934  61524 
8.21222  21192 
8.67462  63575 


1.59106  40 
2.86982  760 
3.96090  9SS0 
4.91514  91390 
5.76024  65601 

6.51357  38384 
7.18698  18644 
7.78904  76905 
6.32615  2734<i 
6.80328  84766 


1.60206  1 
2.89209  2 

3.99476  3 

4.9C090  4 

5.61623  5 

6.56415  6 

7.27053  7 

7.88595  6 
e. 4368  5  9 
8.92822  10 


60031  6.77873  85499  ‘8.93196  12033  9.08038  16761  9.22429  23118  9.35395  11 

12517  9.09749  18525  9.26775  27075  9.43255  39108  9.59227  55869  9.74717  12 

23108  9.36376  35525  9.55175  5^150  9.73359  81224  9.90969  12033  10.08033  13 

37963  9.57936  61071  9.78583  96696  9.98541  15065  10.17353  23207  10.35562  14 

55679  9.74569  93642  9.97147  15471  10. 18953  25141  10.40033  40225  10.60450  15 
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63923  10.83837  13765  11.13940  20 


1.66276  47 
3.01494  1051 


1.67210  4e 
3.03383  1126 


1.6S124  49 
3.05231  1176 


1.69020  50 

3.07041  1225 


1.59897 

3.08814 
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9x668  6.97159  10738  7.03091  12272  7.0S690  13984  7.14563  15691  7.20114  6 
53525  7.72855  62891  7.79859  73529  7.66705  85901  7.93400  9.S84  7.99950  7 
26093  8.41553  31446  8.49756  37735  8.57674  45098  8.65416  53686  8.72383  3 
11017  9.04207  13626  9.13438  16771  9.22456  20545  9.31270  25054  9.39885  9 
40764  9.61027  51781  9.71417  65407  9.61563  82178  9.91475  10272  10.01167  10 

13341  10.12516  17417  10.24098  22595  10.35402  29136  10.46443  37354  10.57235  11 
38911  10.59007  52251  10.71810  69669  10.84304  92264  10.96503  12140  11.08422  12 
10177  11.00760  14068  11.14822  19293  11.28540  26260  11.41929  35466  11.55005  13 
23988  11.37999  34164  11.53357  48232  11.66334  67525  ll.e2946  93765  11.97213  14 
51174  11.70905  75162  11.87600  10933  12.03872  15756  12.19744  22508  12.35234  15 

99149  11.99629  15032  12.17703  22548  12.35312  33481  12.52480  49237  12.5922?  16 
17497  12.24296  27412  12.43794  42444  12.62782  64993  12.61286  98474  12.99332  17 
28190  12.45009  45686  12.65979  73098  12.86391  11554  13.06274  16054  13.25656  18 
41542  12.61849  69732  12.84343  11542  13.06228  18852  13.27535  30406  13.48296  19 
56062  12.74883  97625  12.98956  16736  13.22364  28278  13.45144  47129  13.67329  20 


47129  13.67329  20 


69435  12.84158  12552  13.09870  22314  13.34858  39050  13.59162  67327  13.82819  21 

78904  12.89710  14834  13.17126  27386  13.43752  49700  13.69636  88750  13.94617  22 

82334  12.91558  16124  13.20747  30956  13.49377  58343  13.76599  10804  14.03360  23 

16124  13.20747  32248  13.50850  63205  13.80075  12155  14.08475  24 

63205  13.80075  12641  14.10178  25 
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.92035  11472 
.91119  35003 


.94743  21065 
.93800  49995 
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.90302  95517 
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.24  .78662  78611  ,78584  16264  .78505  61776  .78427  15138  .78348  76343 
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.35  .70468  80897  .70398  37539  .70328  01220  .70257  71934  .70187  49674 
■36  .69767  63261  .69697  89985  .69628  23678  .69558  64335  .69489  11947 
.37  .69073  43306  .69004  39416  .68935  42425  .68866  52328  .68797  69118 
.38  .  68386  14092  .  68317  78896  .  68249  50532  .68181  28993  .68113  14272 
.39  .67705  68745  .67638  01560  .67570  41140  .67502  87476  .67435  40562 
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.43  .65050  90947  .64985  89108  .64920  93767  .64856  04918  .64791  22555 
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.55  .57694  98104  .57637  31489  .57579  70639  .57522  15546  .57464  66206 

.56  .57120  90638  .57063  81403  .57006  77874  .56949  80045  .56892  87912 

.57  .56552  54387  .56496  01959  .56439  55181  .56383  14047  .56326  78551 

.58  .55989  83666  .55933  87481  .55877  96889  .55822  11885  .55766  32463 

.59  .55432  72847  .55377  32345  .55321  97381  .55266  67949  .55211  44043 

.60  .54881  16361'  .54826  30988  .54771  51097  .54716  76684  .54662  07742 

.61  .54335  08691  .54280  77898  .54226  52533  .54172  32591  .54118  18066 

.62  .53794  44376  .53740  67620  .53686  96239  .53633  30226  .53579  69577 

.63  .53259  18010  .53205  94754  .53152  76819  .53099  64199  .53046  56889 

.64  .52729  24240  .52676  53952  .52623  88931  .52571  29172  .52518  74671 

.65  .52204  57768  .52152  39919  .52100  27286  .52048  19863  .51996  17645 

.66  .51685  13345  .51633  47415  .51581  86648  .51530  31040  .51478  80585 

.  .67  .51170,85778  .51119  71250  .51068  61834  .51017  57524  .50966  58317 

.68  .50661  69924  .50611  06286  .50560  47709  .50509  94189  .50459  45719 

.69  .50157  60691  .50107  47437  .50057  39194  .50007  35957  .49957  37721 

.70  .49658  53038  .49608  89667  .49559  31257  .49509  77803  .49460  29300 

.71  .49164  41975  .49115  27990  .49066  18917  .49017  14751  .48966  15486 

.72  .  48675  2256O  .48626  57470  .  48577  97243  .  48529  41874  .  48480  91358 

.73  .48190  89901  .48142  73220  .48094  61353  .48046  54295  .47998  52043 

.74  .47711  39155  .47663  70401  .47616  06413  .47568  47186  .47520  92717 

.75  .47236  65527  .47189  44223  .47142  27637  .47095  15766  .47048  08604 

&  .76  .46766  64270  .46719  89943  .46673  20289  .46626  55301  .46579  94976 

.77  .46301  30683  .46255  02867  .46208  79676  .46162  611 06  .46116  47152 

.78  .45840  60113  .45794  78344  .45749  01155  .45703  28540  .45657  60496 

.79  .45384  47953  .45339  11773  .45293  80128  .45248  53012  .45203  30420 

.80  .44932  89641  .44887  98597  .44843  12042  .44798  29972  .44753  52381 

.81  .44485  80662  .44441  34305  .44396  92392  .44352  54919  .44308  21881 

.82  .44043  16545  .43999  14430  .43955  16715  .43911  23395  .43867  34466 

.83  .43604  92863  .43561  34550  .43517  60593  .43474  30987  .43430  85729 

.84  .43171  05234  .43127  90287  .43084  79652  .43041  73326  .42998  71304 

.85  .42741  49319  .42698  77307  .42656  09563  .42613  46086  .42570  86870 

.86  .42316  20823  .42273  91317  .42231  66039  .42189  44984  .42147  28148 

.87  .41895  15492  .41853  28071  .41811  44835  .41769  65780  .41727  90902 

.88  .41478  29117  -.41436  83361  .4139541749  .4135404276  ,4131270939 
.89  .41065  57528  .41024  53023  .40983  52620  .40942  56316  .40901  64106 

.90  .4065 6  96597  .40616  32933  .40575  73330  .40535  17785  .40494  66293 

.91  .40252  42240  .40212  19010  .40171  99801  .40131  84609  .40091  73430 

.92  .39851  90411  .39812  07212  .39772  27995  .39732  52755  .39692  81488 

.93  .39455  37104  .39415  93539  .39376  53915  .39337  18230  .39297  86478 

.94  .39062  78354  .39023  74028  .38984  73604  .38945  77079  .38906  84449 

.95  .38674  10235  .38635  44757  .38596  83144-  .38558  25390  .38519  71492 

.96  .38289  28860  .38251  01845  .38212  78655  .38174  59286  .38136  43735 

.97  .37908  30381  .37870  41445  .37832  56297  .37794  74932  .37756  97346 

.98  .37531  10989  .37493  59753  .37456  12268  .37418  68528  .37381  28529 

.99  .37157  66910  .37120  53001  .37083  42803  .37046  36314  .37009  33529 

(1.00  .36787  94412) 

x  0  234 

For  larger  x,  multiply  values  tabulated  above  by  values  In  table  for  x=l(l)10Q 


.60350  55754 
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.57984  17833 

.57407  22612 
.56836  01468 
.56270  48688 
.55710  58618 
.55156  25659 

.54607  44266 
.54064  08953 
.53526  14285 
.52993  54883 
.52466  25421 

.51944  20626 
.51427  35277 
.50915  64206 
.50409  02296 
.49907  44480 

.49410  85743 
.48919  21118 
.48432  45690 
.47950  54590 
.47473  42999 

.47001  06147 
.46533  39310 
.46070  37810 
.45611  97018 
.45158  12349 

.44708  79266 
.44263  93274 
.43823  49925 
.43387  44814 
.42955  73582 

.42528  31911 
.42105  15526 
.41686  20197 
.41271  41733 
.40860  75986 

.40454  I8851 
.40051  66261 
.39653  14191 
.39258  58  655 
.38867  95709 

.38481  21446 
.38098  31997 
.37719  23536 
.37343  92269 
.36972  34445 


.60290  23715 
.59690  33927 
.59096  '41047 
.58508  39136 
.57926  22314 

.57349  84759 
.56779  20707 
.56214  24452 
.55654  903^4 
.55101  12790 

.54552  86252 
.54010  05246 
.53472  64346 
.52940  58177 
•52413  81418 


.46954  08390 
.46486  88296 
.46024  33075 
.45566  38101 
.45112  98794 

.44664  10621 
.44219  69093 
.43779  69765 
.43344  08238 
.42912  8OI56 

.42485  81205 
.42063  07115 
.41644  53660 
.41230  16654 
.40819  91953 

.40413  75454 
.40011  63097 
.39613  50859 
.39219  34759 
.38829  IO856 

.38442  75248 
.38060  24070 
.37681  53497 
.37306  59744 
.36935  39059 


.60229  97705 
.59630  67876 
.59037  34360 
.58449  91221 
.57868  32587 

.57292  52641 
.56722  45624 
.56158  05837 
.55599  27636- 
.55046  05431 

.54498  33692 
.53956  06941 
.53419  19755 
.52887  66765 
.52361  42656 

.51840  42167 
.51324  60085 
.50813  91254 
.50308  30566 
.49807  72966 

.49312  13447 
.48821  47053 
.48335  68878 
.47854  74064 
.47378  57802 

.46907  15329 
.46440  41932 
.45978  32942 
.45520  83740 
.45067  89750 

.44619  46443 
.44175  49334 
.43735  93984 
.43300  75996 
.42869  91020 

.42443  34747 
.42021  02911 
.41602  91288 
.41188  95698 
.40779  12001 

.40373  36099 
.39971  63933 
.39573  91488 
.39180  14784 
.38790  29886 

.38404  32894 
.38022  19948 
.37643  87227 
.37269  30949 
.36898  47366 


.60169  77718 
.59571  07789 
.58978  33576 
.58391  49152 
.57810  48647 

.57235  26252 
.86665  76214 
.56101  92838 
.55543  70487 
.54991  03577 

.54443  86582 
.53902  14031 
.53365  80505 
.52834  80642 
.52309  09131 

.51788  60716 
.51273  30190 
.50763  12403 
.50258  02250 
.49757  94682 

.49262  84698 
.48772  67346 
.48287  37725 
.47806  90982 
.47331  22312 

.46860  26958 
.46394  00211 
.45932  37408 
.45475  33932 
.45022  85213 

.44574  86727 
.44131  33993 
.43692  22576 
.43257  48085 
.42827  06172 

.42400  92534 
.41979  02908 
.41561  33076 
.41147  78861 
.40738  36127 

.40333  00781 
.39931  68767 
.39534  36074 
.39140  98728 
.38751  52795 

.38365  94380 
.37984  19629 
.37606  24722 
.37232  05881 
.36861  59363 


.60109  63747 
.59511  53659 
.58919  38690 
.58  333  12921 
.57752  70488 

.57178  05586 
.56609  12470 
.56045  85450 
.55488  18893 
.54936  07222 

.54389  44917 
.53848  26511 
.53312  46592 
.52781  99802 

.52256  8O836 

.51736  84443 
.51222  05423 
.50712  38628 
.50207  78960 
.49708  21375 

.49213  60876 
.48723  92517 
.48239  11401 
.47759  12681 
.47283  91556 

.46613  43273 
.46347  63130 
.45886  46466 
.45429  88671 
.44977  85178 

.44530  31468 
.44087  23064 
,43648  55537 
.43214  24499 
.42784  25607 

.42358  54561 
.41937  07103 
.41519  79021 
.41106  66139 
.40697  64328 

.40292  69496 
.39891  77595 
.39494  84614 
.39101  86586 
.38712  79579 

.38327  59704 
.37946  23107 
.37568  65977 
.37194  84536 
.36824  75046 


05 

05 


-X 


X 

e 

X 

1  ( 

-  1) 

3.67879 

44117 

51 

2  ( 

-  1) 

1.35335 

28324 

52 

3  ( 

-  2) 

4.97870 

68368 

53 

4 

-  2) 

1.83156 

38889 

54 

5 

-  3) 

6.73794 

69991 

55 

6 

-  3) 

2.47875 

21767 

56 

7 

-  4 

9.11881 

96555 

57 

8 

-  4 

3.35462 

62790 

58 

9 

-  4 

1.23409 

80409 

59 

10 

-  5! 

4.53999 

29762 

60 

11 

12 

:ij 

1.67017 

6.14421 

00790 

23533 

61 

62 

13 

-  6! 

2.26032 

94070 

63 

14 

-  7; 

8.31528 

71910 

64 

15 

-  71 

3.05902 

32050 

65 

16 

7)  1.12535 

17472 

66 

17 

- 8; 

1  4.13993 

77188 

67 

18 

-  8 

1  1.52299 

79745 

68 

19 

:-  9)  5.60279 

64375 

69 

20 

9)  2.06115 

36224 

70 

.  21 

:-io; 

7.58256 

04279 

71 

22 

;-i°; 

2.78946 

80929 

72 

23 

-10 

1.02618 

79632 

73 

24 

-u 

3.77513 

45443 

74 

25 

f-11: 

1.38879 

43865 

75 

26 

[-12] 

5.10908 

90281 

76 

27 

28 

-12 

-13 

1.87952 

6.91440 

88165 

01069 

77 

78 

'  29 

-13! 

2.54366 

56474 

79 

30 

:-i4: 

'  9.35762 

29688 

80 

31  (-14' 

3.44247 

71085 

81 

32  1 

;-i4 

1.26641 

65549 

82 

33  1 

t-15: 

4.65888 

61451 

83 

34  1 

:-i5! 

1.71390 

84315 

84 

35  (-16; 

6.30511 

67601 

85 

36  (-16)  2.31952 

28302 

86 

37 

(-17)  8.53304 

76257 

87 

38  (-17)  3.13913 

27920 

88 

39  1 

(-17)  1.15482 

24173 

89 

40 

(-18)  4.24835 

42553 

90 

41  1 

[-18; 

)  1.56288 

21893 

91 

42  1 

i-19 

)  5.74952 

22643 

92 

&  \ 

'-3.9 

(-20, 

1  ?:»B3 

m 

P 

45 

(-20; 

)  2.86251 

8580  5 

95 

46 

(-20)  1.05306 

17358 

96 

47 

(-21)  3.87399 

76287 

97 

48 

(-21)  1.42516 

40827 

98 

49 

(-22)  5.24288 

56634 

99 

50 

(-22 

)  1.92874 

98480 

100 

-X 


e 


(-23)  7.09547  41623 
(-23)  2.61027  90697 
(-24)  9.60268  00545 
(-24)  3.53262  85722 
(-24)  1.29958  14250 

(-25)  4.78089  28839 
(-25)  1.75879  22024 
(-26)  6.47023  49256 
-26)  2.38026  64087 
(-27)  8.75651  07627 

(-27)  3.22134  02860 
(-27)  1.18506  48642 
(-28)  4.35961  00001 
(-28)  1.60381  08905 
(-29)  5.90009  05416 

(-29)  2.17052  20113 
( -30)  7.98490  42457 
(-30)  2.93748  21117 
(-30)  1.08063  92777 
(-31)  3.97544  97359 

(-31)  1.46248  62273 
(-32)  5.38018  61600 
(-32)  1.97925  98779 
(-33)  7.28129  01783 
(-33)  2.67863  69618 

(-34)  9.85415  46861 
(-34)  3.62514  09191 
-34)  1.33361  48155 
(-35)  4.90609  47306 
(-35)  1.80485  13878 


(-36)  6.63967  71996 
(-36)  2.44260  07377 
(-37)  8.98582  59440 
(-37)  3.30570  06268 
(-37)  1.21609  92993 


(-38)  4.47377  93062 
(-38)  1.64581  14311 
(-39)  6.05460  18954 
(-39)  2.22736  35618 
i-4o)  8.19401  26240 


-40)  3.01440  87851 

-40 )  1.10893  90193 


(-42)  2.03109  26627 
(-43)  7.47197  23373 
(-43)  2.74878  50079 
(-43)  1.01122  14926 
(-44)  3.72007  59760 


The  numbers  In  parentheses  Indicate  the  power  ..  of  10  by  which 
tabulated  values  are  to  be  multiplied;  e.g.  e  -.0000000020611536224, 


Table  C5.  B(c.ti.p)  for  n=l(l)20  and  n=.01(  .01). SO 


P 

01 

02 

03 

04 

05 

06 

07 

08 

09 

P 

10 

15 

20 

25 

30 

35 

40 

45 

50 

n 

1 

c 

0 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

n 

1 

c 

0 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1 

0100 

0200 

0300 

0400 

0500 

0600 

0700 

0800 

0900 

1 

1000 

1500 

2000 

2500 

3000 

3500 

4000 

4500 

5000 

a 

0 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

2 

0 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

l’.OO 

1 

0199 

0396 

0591 

0784 

0975 

1164 

1351 

1536 

1719 

1 

1900 

2775 

3600 

4375 

5100 

.  5775 

6400 

6975 

7500 

a 

0001 

0004 

0009 

0016 

0025 

0036 

0049 

0064 

0081 

2 

0100 

0225 

0400 

0625 

0900 

1225 

1600 

2025 

2500 

(Note; 

Unity  values  for.  c*0 

omitted  from  here  on. 

) 

(Note: 

Unity  values  for  c=0 

omitted 

from  here  on. 

) 

3 

l 

03970 

05881 

08733 

11526 

14263 

16942 

19564 

22131 

24643 

3 

1 

'  27100 

38587 

48800 

57812 

65700 

72537 

78400 

83362 

87500 

a 

00030 

00118 

00265 

00467 

00725 

01037 

01401 

01818 

02284 

2 

02800 

06075 

10400 

15625 

21600 

28175 

35200 

42525 

50000 

3 

0000  P 

00001 

00003 

00006 

00013 

00022 

00034 

00051 

00073 

3 

00100 

00337 

00800 

01562 

02700 

04287 

06400 

09112 

12500 

4 

i 

03940 

07763 

11471 

15065 

18549 

21925 

25195 

28361 

31425 

4 

1 

34390 

47799 

59040 

68359 

75990 

82149 

87040 

90849 

93750 

a 

00059 

00234 

00519 

00910 

01402 

01991 

02673 

03443 

04296 

2 

05230 

10952 

18080 

26172 

34830 

43702 

52480 

60902 

68750 

3 

00000 

00003 

00011 

00025 

00048 

00083 

00130 

00193 

00272 

3 

00370 

01198 

02720 

05078 

08370 

12648 

17920 

24148 

31250 

4 

00000 

00000 

00000 

00001 

00001 

00002 

00004 

00007 

4 

00010 

00051 

00160 

00391 

00810 

01501 

02560 

04101 

06250 

5 

1 

04901 

09608 

14127 

18463 

22622 

26610 

.  30431 

34092 

37597 

5 

1 

40951 

55629 

67232 

76270 

83193 

88397 

92224 

94967 

96875 

a 

00098 

00384 

00847 

01476 

02259 

03187 

04249 

05436 

06738 

2 

08146 

16479 

26272 

36719 

47178 

57159 

66304 

74378 

81250 

3 

00001 

00008 

00026 

OOO60 

00116 

00197 

00308 

00453 

00634 

3 

OO856 

02661 

05792 

10352 

16308 

23517 

31744 

40687 

50000 

4 

00000 

00000 

00000 

00001 

00003 

00006 

00011 

00019 

00030 

4 

00046 

00223 

00672 

01563 

03078 

05402 

08704 

13122 

187  50 

5 

00000 

00000 

00000 

OOOOO 

-  00000 

00001 

5 

00001 

00008 

00032 

00098 

00243 

00525 

01024 

01845 

03125 

6 

1 

05852 

11416 

16703 

21724 

26491 

31013 

35301 

39364 

43213 

6 

1 

46856 

62285 

73786 

82202 

88235 

92458 

95334 

97232 

98437 

a 

00146 

00569 

01246 

02155 

03277 

04592 

06082 

07729 

09515 

2 

11427 

22352 

34464 

46606 

57983 

68092 

76672 

83643 

89063 

3 

ooooa 

00015 

00050 

00117 

00223 

00376 

00584 

OO851 

01183 

3 

01585 

04734 

09888 

16943 

25569 

35291 

45563 

55848 

65625 

4 

00000 

00000 

00001 

00004 

00009 

00018. 

00032 

00054 

00085 

4 

00127 

00589 

01696 

03760 

07047 

11742 

17920 

25526 

34375 

5 

00000 

00000 

00000 

00000 

00001 

00002 

00003 

5 

00005 

00040 

00160 

00464 

01093 

02232 

04096 

06920 

10937 

' 

6 

OOOOO 

00001 

00006 

00024 

00073 

00184 

00410 

00830 

01563 

7 

1 

06793 

13187 

19202 

24855 

30166 

35152 

39830 

44215 

48324 

7 

1 

52170 

67942 

79028 

86652 

91765 

95098 

97201 

98478 

99219 

a 

ooao3 

00786 

01709 

02938 

04438 

06178 

08127 

10259 

12548 

2 

14969 

28342 

42328 

55505 

67058 

76620 

84137 

89758 

93750 

3 

00003 

00026 

00086 

0QI98 

00376 

00629 

00969 

01401 

01933 

3 

02569 

07377 

14803 

24359 

35293 

46772 

58010 

68356 

77344 

4 

00000 

00001 

00003 

00008 

00019 

00039 

00071 

00118 

00184 

4 

00273 

01210 

03334 

07056 

12604 

19985 

28979 

39171 

50000 

5 

00000 

00000 

00000 

00001 

00001 

00003 

00006 

00011 

5 

00018 

00122 

00467 

01288 

02880 

0556I 

09626 

15293 

22656 

6 

00001 • 

00007 

00037 

00134 

00379 

00901 

01884 

03571 

06250 

7 

OOOOO 

OOOOO 

00001 

00006 

00022 

00064 

00164 

00374 

00781 

8 

1 

07726 

14924 

21626 

27861 

33658 

39043 

44042 

48678 

52975 

8 

1 

56953 

72751 

83223 

89989 

94235 

96814 

98320 

99163 

99609 

a 

00269 

01034 

02234 

03815 

05724 

07916 

10347 

12976 

15768 

2 

18690 

34282 

49668 

63292 

74470 

83087 

89362 

93  682 

96484 

3 

00005 

00042 

00135 

00308 

00579 

00962 

01470 

02110 

02889 

3 

03809 

10521 

20308 

32146 

44823 

57219 

68461 

77987 

85547 

4 

00000 

00001 

00005 

00016 

00037 

00075 

00134 

00220 

00341 

4 

00502 

02135 

05628 

11382 

19410 

29360 

40591 

52304 

63672 

5 

00000 

00000 

00001 

00002 

00004 

00008 

00015 

00026 

5 

00043 

00285 

01041 

02730 

05797 

10609 

17367 

26038 

36328 

6 

00000 

00000 

00000 

00000 

00001 

00001 

6 

00002 

00024 

00123 

00423 

01129 

02532 

04981 

08846 

14453 

7 

OOOOO 

00001 

00008 

00038 

00129 

00357 

00852 

01812 

03516 

8 

OOOOO 

OOOOO 

00002 

00007 

00023 

00066 

00168 

00391 

9 

1 

08648 

16625 

23977 

30747 

36975 

42701 

47959 

52784 

57207 

9 

1 

61258 

76838 

86578 

92492 

95965 

97929 

98992 

99539 

99805 

a 

00344 

01311 

02816 

04777 

07121 

09784 

12705 

158  32 

19117 

2 

22516 

40052 

56379 

699  66 

80400 

87891 

92946 

96148 

98047 

3 

00008 

00061 

00198 

00448 

00836 

01380 

02091 

02979 

04048 

3 

05297 

14085 

26180 

39932 

53717 

66273 

76821 

85050 

91016 

4 

00000 

00002 

00009 

00027 

00064 

00128 

00227 

00372 

00570 

4 

OO833 

03393 

08564 

16573 

27034 

39111 

51739 

63862 

74609 

5 

00000 

00000 

00001 

00003 

00008 

00017 

00031 

00055 

5 

00089 

00563 

01958 

04893 

09881 

17172 

26657 

37858 

50000 

6 

00000 

00000 

00000 

00001 

000C2 

00004 

6 

00006 

00063 

00307 

00999 

02529 

05359 

09935 

16582 

25391 

7 

00000 

00005 

00031 

00134 

00429 

01118 

02503 

04977 

08984 

8 

OOOOO 

00002 

00011 

00043 

00140 

00380 

00908 

01953 

9 

OOOOO 

OOOOO 

00002 

ooooa 

00026 

00076 

00195 

p  01  02  03  04 

10  1  09562  18293  26258  33517 

2  00427  01618  03451  05815 

3  O0O11  00086  00276  00621 

4  00000  00003  00015  00044 

5  00000  00001  00002 

6  00000  00000 

7 


05  06  07  08  09 

40126  46138  51602  56561  61058 

08614  11759  15173  18788  22545 

01150  01884  02834  04008  05404 

00103  00203  00358  00580  00883 

00006  00015  00031  00059  00101 

00000  00001  00002  00004  00008 

00000  00000  00000  00000 


11 


1 

2 


5 


10466  19927  28470 
00518  01951  04135 
00016  00117  00372 
00000  00005  00023 
00000  00001 


36176  43120  49370 
06923  10189  13822 
00829  01524  02476 

00067  00155  00304 
00004  00011  00026 


54990  60036  64563 

17723  21810  26011 

03698  05190  06947 

00531  00854  01290 

00054  00100  00171 


6  .  00000  00000  00001  00002  00004  00009  00016 

7  00000  00000  00000  00001  00001 
°  .  ■  00000  00000 


02  12  1  11362  21528  30616  38729  45964  524Q8  58140  63233  67752 

2  00617  02311  04865  08094  11836  15955  20332  24868  29481 

3  00021  00154  00485  01073  01957  03157  04680  0652O  08662 

4  00000  00007  00033  00098  00224  00434  00753  01201  01799 

5  00000  00002  00006  00018  00043  00088  00161  00272 

6  00000  00000  00001  00003  00008  00016  00030 

7  00000  00000  00000  00001  00003 

8  00000  00000 


13  1  12248  23098  32697  41180 

2  00725  02695  05637  09319 

.  3  00027  00197  00616  01354 

4  00001  00010  00047  00137 

5  00000  00000  00003  00010 


48666  55263  61071  66175  70655 

13542  18142  22978  27937  32925 

02451  03925  05775  07987  10536 

00310  OO598  01028  01627  02417 

00029  00067  00134  00244  00410 


6  00000  00001  00002  00006  00013  00027  00052 

7  00000  00000  OOOOO  00001  00002  00005 

8  OOOOO  OOOOO  '  OOOOO 


p 

10 

15 

20 

25 

c 

1 

65132 

80313 

89263 

94369 

2 

26390 

45570 

62419 

m 

3 

07019 

17980 

32220 

4 

01280 

04997 

12087 

22412 

5 

00163 

00987 

03279 
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Table  C6: 


ables.  internal,  density  0(t),  2nd  derivative  0  (t);  t=0(.01)4. 

t  (2)  rt  (2) 

0(t)dt  0(t)  0  (t)  t  J  0(t)dt  0(t)  0  (t) 


.00000  .39894  -.39894 

.00399  .39892  -.39888 

.00798  .39886  -.39870 

.01197  .39876  -.39840 

.01595  .39862  -.39799 


.05  .01994 

.06  .02392 
.07  .02790 

.08  .03188 
.09  .03586 

.10  .03983 

.11  .04380 

.12  .0477 6 

.13  .05172 

.14  .05567 

.15  .05962 

.16  .06356 
.17  .067 49 

.18  .07142 

.19  .07535 

.20  .07926 

.21  .08317 

.22  .08706 

.23  .09095' 
.24  .09483 

.25  .09871 
.26  .10257 
.27  .10642 
.28  .11026 
.29  .11409 

130  .11791 

.31  .12172 

.32  .12552 

.33  .12930 

.34  .13307 

.35  .13683 

.36  .14058 
.37  .14431 
.38  .14803 

.39  .15173 

.40  .15542 

.41  .15910 

.42  .1627 6 

.43  .16640 
.44  .17003 


.39844 

.39822 

.39797 

.39767 

.39733 

.39695 

.39654 

.39608 

.39559 

.39505 

.39448 

.39387 

.39322 

.39253 

.39181 

.39104 

.39024 

.38940 

.38853 

.38762 

.38667 

.38568 

.38466 

.38361 

.38251 

.38139 

.38023 

.37903 

.37780 

.37654 

.37524 

.37391 

.37255 

.37115 

.36973 


.36526 

.36371 

.36213 


-.39745 

-.39679 

-.39602 

-.39512 

-.39511 

-.39298 

-.39174 

-.39038 

-.38890. 

-.38731 

-.38560 

-.38379 

-.38186 

-.37981 

-.37766 

-.37540 

-.37303 

-.37056 

-.36798 

-.36529 

-.36250 

-.35961 

-.35662 

-.35353 

-.35035 

-.34706 

-.34369 

-.34022 

-.33666 

-.33301 

-.32927 

-.32545 

-.32155 

-.31756 

-.31349 

-.30935 

-.30586 

-.30083 

-.29646 

-.29203 


.50  .19146  .35207  -.26405 

.51  .19497  .35029  -.25918 

.52  .19847  .34849  -.25426 
.53  .20194  .34667  -.24929 

•54  .20540  .34482  -.24427 


.55  .20884 

.56  .21226 
.57  .21565 

.58  .21904 

.59  .22240 

.60  .22575 
.61  .22907 
.62  .23237 
.63  .23565 
.64  .  23891 

.65-  .24215 
.66  .24537 
.67  .24857 

.68  .25175 

.69  .  25490 

.70  .25804 

.71  .26115 
.72  .26424 

.73  .26730 

.74  .27035 

.75  .27337 
.76  .27637 

.77  .27935 

.78  .28230 

.79  .28524 

.80  .28814 

.81  .29103 

.82  .29389 

.83  .29673 
.84  .29955 

.85  .30234 
.86  .30511 
.87  .30785 
.88  .31057 

.89  .31327 

.90  .31594 

.91  .31859 

.92  .32121 
.93  .32381 

.94  .32639 


.34294 

.34105 

.33912 

.33718 

.33521 

.33322 
.33121 
. 32918 
.32713 
.32506 

.32297 

.32086 

.31874 

.31659 

.31443 

.31225 

.31006 

.30785 

.30563 

.30339 

.30114 

.29887 

.29659 

.29431 

.29200 

.28969 

.28737 

.28504 

.28269 

.28034 

.27798 
.27562 
.27324 
.27086 
'  .26848 

.26609 

.26369 

.26129 

.25888 

.25647 


-.23920 

-.23409 

-.22894 

-.22375 

-.21853 

-.21326 

-.20797 

-.20265 

-.19729 

-.19192 

-.18652 

-.18110 

-.17566 

-.17020 

-.16473 

-.15925 

-.15376 

-.14826 

-.14276 

-.13725 

-.13175 

-.12624 

-.12074 

-.11525 

-.10976 

-.10429 

-.09883 

-.09338 

-.08795 

-.08253 

-.07714 

-.07177 

-.06643 

-.06111 

-.05582 

-.05056 

-.04533 

-.04013 

-.03497 

-.02985 


.45  .17364  .36053  -.28752 

.46  .17724  .35889  -.28295 

.47  .18082  .35723  -.27831 

.48  .18439  .35553  -.27362 

.49  .18793  .35381  -.26886 


.95  .32894  .25406  -.02477 

.96  .33147  .25164  -.01973 

.97  .33398  .24923  -.01473 

.98  .33646  .24681  -.00977 

.99  .33891  .24439  -.00486 


/ 


t  , 

^0(t)dt 

0(t) 

(2) 

0  (t) 

1  f  0(t)dt 

0 

0(t) 

(2) 

0  (t) 

1.00 

.34134 

.24197 

.00000 

1.50  .43319 

.12952 

.16190 

1.01 

.34375 

.23955 

.00482 

1.51  .43448 

.12758 

.16332. 

1.02 

.34614 

.23713 

.00958 

1.52  .43574 

.12566 

.16467 

1.03 

. 34850 

.23471 

.01429 

1.53  .43699 

.12376 

‘.16595 

1.04 

.35083 

.23230 

.01896 

1.54  .43822 

.12188 

.15717 

1.05 

.35314 

.22988 

.02356 

1.55  .43943 

.12001 

.I6831 

1.06 

.35543 

.22747 

.02812 

1.56  .44062 

.11816 

.16939 

1.07 

.35769 

.22506 

.03261 

1.57  .44179 

.11632 

.17040 

1.08 

.35993 

.22265 

.03705  V 

1.58  .44295 

.11450 

.17135 

1.09 

.36214 

.22025 

.04143 

1 . 59  .44408 

.11270 

.17222 

1.10 

.36433 

.21785 

.04575 

1.60  .44520 

.11092 

.17304 

1.11 

.36650 

. 21546 

.05001 

1.61  .44630 

.10915 

.17379 

1.12 

-.36864 

.21307 

.05420 

1.62  .44738 

.10741 

.17447 

1.13 

.37076 

.21069 

.05834 

1.63  .44845 

.10567 

.17509 

1.14 

.37286 

.20831 

.06241  , 

1.64  .44950 

.10396 

.17565 

1.15 

.37493 

.20594 

.06641 

1.65  .45053. 

.10226 

.17615 

1.16 

.37698 

.20357 

.07035 

1.66  .45154 

.10059 

.17659 

1.17 

.37900 

. 20121 

. 07423 

1.67  .45254 

.09893 

.17697 

1.18 

.38100 

.19886 

.07803 

1.68  .45352 

.09728 

.17729 

1.19 

.38298 

.19652 

.08177 

1.69  .45449 

.09566 

.17755 

1.20 

.38493 

.19419 

.08544 

1.70  .45543 

.09405 

.17775 

1.21 

.38  686 

.19186 

.08904 

1.71  .45637 

.09246 

.17790 

1.22 

.38877 

.18954 

.09257 

1.72  .45728 

.09089 

.17799 

1.23 

.39065 

.18724 

.09603 

1.73  .45818 

.08933 

.17803 

1.24 

.39251 

.18494 

.09942 

1.74  .45907 

.08780 

.17802 

1.25 

.39435 

.18265 

.10274 

1.75  .45994 

.08628 

.17795 

1.26 

.39617 

.  18037 

.10599 

1.76  .45080 

.08478 

.17783 

1.27 

.39796 

.17810 

.10916 

1.77  .46164 

.08329 

.17766 

1.28 

.39973 

.17585 

.11226 

1.78  .46246 

.08133 

.17744 

1.29 

.40147 

.17360 

.11529 

1.79  .46327 

.08038 

.17717 

1.30 

.40320 

.17137 

.11824 

1.80  .46407 

.07895 

.17685 

1.31 

.40490 

.16915 

.12113 

1.81  .46485 

.07754 

.17648 

3.32 

.40658 

.16694  • 

.12393 

1.82  .46562 

.07614 

.17607 

1.33 

.40824 

.16474 

.12657 

I.83  .46638 

.07477 

.17562 

1.34 

.40988 

..16256 

.12933 

1.84  .46712 

.07341 

.17512 

1.35 

.41149 

.16038 

.13192 

1.35  .46784 

.07206 

.17455 

1.36 

.41309 

.15822 

.13443 

1.36  .46856 

.07074 

.17399 

1.37 

1.38 

.41466 

.41621 

.15608 

.15395 

.13687 

.13923 

1.87  .46926 

1.88  .46995 

.06943 

.06814 

.17337 

.17270 

1.39 

.41774 

.15183 

.14152 

1.89  .47062 

.06687 

.17200 

1.40 

.41924 

.14973 

.14374 

1.90  .47128 

.06562 

.17126 

1.4l 

.42073 

.14764 

.14588 

1.91  .47193 

.06438 

.17048 

1.42 

.42220 

.14556 

.14795 

1.92  .47257 

.06316 

.16966 

1.43 

.42364 

.14350 

.14995 

1.93  .47320 

.06195 

.16881 

1.44 

.42507 

.14146 

. 15187 

1.94  .47381 

.06077 

.16793 

1.45 

.42647 

.13943 

.15372 

1.95  .47441 

•05959 

.16701 

1.46 

.42786 

.13742 

.15550 

1.96  .47500 

.05844 

.16607 

1.47 

.42922 

.13542 

.15721 

1.97  .47558 

.05730 

.16509 

1.48 

.43056 

.13344 

.15884 

1.98  .47615 

.05618 

.16408 

1.49 

.43189 

.13147 

.16040 

1.99  .47670 

.05508 

.16304 

t  /V t)dt  0(t)  0(2)(t)  t  /Vt)dt  0(t)  0*  \t) 


.47725 
.47778 
.47831 
,4788  a 
.47932 

.47982 

.48030 

.48077 

.48124 

.48169 

.48214 

.48257 

.48300 

.48341 

.48382 

.48422 

.48461 

.48500 

.48537 

.48574 

.48610 

.48645 

.48679 

.48713 

.48745 

.48778 

.48809 

.48840 

.48870 

.48899 

.48928 

.48956 

.48983 

.49010 

.49036 

.49061 

.49086 

.49111 

.49134 

.49158 

.49180 

.49202 

.49224 

.49245 

.49266 

.49286 

.49305 

.49324 


.02239 

.02186 

,02134 

.02083 

.02033- 

.01984 

.01936 

.01889 

.01842 

.01797 


.14327 

.14188 

.14040 

.13907 

.13765 

.13622 

.13478 

.13333 

.13188 

.13041 

.12894 

.12747 

.12599 

.12450 

.12301 

.12152 

.12003 

.11854 

.11704 

.11554 

.11405 

.11256 

.11106 

.10957 

.10808 

.10660 

.10512 

.10364 

.10217 

.10070 

.09924 

.09778 

.09633 

.09489 

.09345 


.49379 

.49396 

.49413 

.49430 

.49446 

.49461 

.49477 

.49492 

.49506 

.49520 

.49534 

.49547 


.49598 

.49609 

.49621 

.49632 

.49643 


.49674 

.49683 

.49693 

.49702 

.49711 

.49720 

.49728 

.49736 

.49744 

.49752 

.49760 

.49767 

.49774 

.49781 

.49788 

.49795 

.49801 

.49807 

.49813 

.49819 

.49825 

.49831 

.49836 

.49841 

.49846 

.49851 

.49856 

.49861 


.01753 

.01709 

.01667 

.01625 

.01585 

.01545 

.01506 

.01468 

.01431 

.01394 

.01358 
.01323 
. 01289 
.01256 

.01223 

.01191 

.01160 

.01130 

.01100 

.01071 

.01042. 

.01014 

.00987 

.00961 

.00935 

r 

.00909 

.00885 

.00861 

.00837 

.00814 

.00792 

.00770 

.00748 

.00727 

.00707 

.00687 

.00668 

.00649 

.00631 

.00613 

.00595 

.00578 

.00562 

.00545 

.00530 

.00514 

.00499 

.00485 

.00471 

.00457 


.09202 

.09060 

.08919 

.08779 

.08639 

.08501 

.08364 

.08227 

.08092 

.07957 

.07824 

.07692 

.07560 

.07431 

.07302 

.07174 

.07048 

.06923 

.06799 

.06676 

.06555 

.06435 

.06316 

.06199 

.06082 

.05968 

.05854 

.05742 

.05631 

.05522 

.05414 

.05308 

.05202 

.05099 

.04996 

.04895 

.04795 

.04697 

.04600 

.04505 

.04411 

.04318 

.04227 

.04137 

.04048 


1 1 

ft 

0('t)dt 

) 

0(t) 

J2) 

0  (t) 

t 

r t 

/  0(t)dt 

J0 

0(t) 

(2) 

0  (t) 

3.00 

.49865 

.00443 

.03545 

3.50 

.49977 

.00087 

.00982 

3.01 

.49869 

.00430 

.03466 

3.51 

.49978 

.00084 

.00954 

3.02 

.49874 

.00417 

.03389 

3.52 

.49978 

.00031 

.00927 

3.03 

3.04 

.49878 

.00405 

.03312 

3.53 

.49979 

.00079 

.00900 

.49882 

.00393 

.03237 

3.54 

.49980 

.00076 

.00874 

3.05 

.49886 

.00381 

.03163 

3.55 

.49981 

.00073 

.00849 

3.06 

.49889 

.00370 

.03090 

3.56 

.49981 

.00071 

.00824 

3.07 

.49893 

.00358 

.03019 

3.57 

.49982 

.00068 

.00800 

3.08 

.49897 

.00348 

.02949 

3.58 

.49983 

.00066 

.00777 

3.09 

.49900 

.00337 

.02880 

3.59 

.49983 

.00063 

.00754 

3.10 

.49903 

.00327 

.02813 

3.60 

.49984 

.00061 

.00732 

3.11 

.49906 

.00317 

. 02746 

3.61 

.49985 

.00059 

.00710 

3.12 

.49910 

.00307 

.02681 

3.62 

.49985 

.00057 

.00689 

3.13 

.49913 

.00298 

.02617 

3.63 

.49986 

.00055 

.00669 

3.14 

.49916 

.00288 

.02555 

3.64 

.49986 

.00053 

.00649 

3,15 

.49918 

.00279 

.02493 

3.65 

.49987 

.00051 

.00629 

3.16 

.49921 

.00271 

.‘02433 

3.66 

.49987 

.00049 

.00610 

3.17 

.49924 

.00262 

.02374 

3.67 

.49988 

.00047 

.00592 

3'.  18 

.49926 

.00254 

.02316 

3.68 

.49988 

.00046 

.00574 

3.19 

.49929 

.00246 

.02259 

3.69 

.49989 

.00044 

.00556 

3.20 

.49931 

.00238 

.02203 

3.70 

.49989 

.00042 

.00539 

3.21 

.49934 

.00231 

. 02148 

3.71 

.49990 

.00041 

.00522 

3.22 

.49936 

.00224 

.02095 

3.72 

.49990 

.00039 

.00506 

3.23 

.49938 

.00216 

.02042 

3.73 

.49990 

.00038 

.00491 

3.24 

.49940 

.00210 

.01991 

3.74 

.49991 

.00037 

.00475 

3.25 

.49942 

.00203 

.01940 

3.75 

.49991 

.00035 

.00461 

3.26 

.49944 

.00196 

.01891 

3.76 

.49992 

.00034 

.00446 

3.27 

.49946 

.00190 

.01843 

3.77 

.49992 

.00033 

.00432 

3.28 

.49948 

.00184 

.01795 

3.78 

.49992 

.00031 

.00419 

3.29 

.49950 

.00178 

.01749 

3.79 

.49992 

.00030 

.00405 

3.30 

.49952 

.00172 

.01704 

3.80 

.49993 

.00029 

.00392 

3.31 

.49953 

.00167 

.01659 

3.81 

.49993 

.00028 

.00380 

3.32 

.49955 

,00161 

.01616 

3.82 

.49993 

.00027 

.00368 

3.33 

.49957 

.00156 

.01573 

3.83 

.49994 

.00026 

.00356 

3.34 

.49958 

.00151 

.01532 

3.84 

.49994 

.00025 

.00344 

3.35 

.49960 

.00146 

.01491 

3.85 

.49994 

.00024 

.00333 

3.36 

.49961 

.00141 

.01451 

3.86 

.49994 

.00023 

.00322 

3.37 

.49962 

.00136 

.01413 

3.87 

.49995 

.00022 

.00312 

3.38 

.49964 

.00132 

.01375 

3.88 

.49995 

.00021 

.00302 

3.39 

.49965 

.00127 

.01338 

3.89 

.49995 

.00021 

.00292 

3.40 

.49966 

.00123 

.01301 

3.90 

.49995 

.00020 

.00282 

3.41 

.49968 

.00119 

.01266 

3.91 

.49995 

.00019 

.00273 

3.42 

.49969 

.00115 

.01231 

3.92 

,49996 

.00018 

.00264 

m 

.49970 

.49971 

.00111 

.00107 

:811§Z 

3:3 

.49996 

.49996 

.00018 

.00017 

.00255 

.00247 

3.45 

.49972 

.00104 

.01132 

3.95 

.49996 

.00016 

.00238 

3.46 

.49973 

.00100 

.01100 

3.96 

.49996 

.00016 

.00230 

3.47 

3.48 

.49974 

.49975 

.00097 

.00094 

.01070 

.01040 

3.97 

3.98 

.49996 

.49997 

.00015 

.00014 

.00223 

-.00215 

3.49 

.49976 

.00090 

.01010 

3.99 

.49997 

.00014 

.00208 

f4,00 

.49997 

.00013 

.00201) 

a 

.001 

.002 

.003 

.004 

.005 

.006 

.007 

.008 

.009 

c  » 

1 

.00100 

.00200 

.00300 

.00399 

.00499 

.00598 

.00698 

.00797 

.00896 

a 

.01 

.02 

.03 

.04 

.05 

.06  • 

.07 

.08 

.09 

c 

i 

.00995 

.01980 

.02955 

.03921 

.04877 

.05824 

.06761 

.07688 

.08607 

2 

.00005 

.00020 

.00044 

.00078 

.00121 

.00173 

.00234 

.00303 

.00381 

a 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

c 

1 

.09516 

.18127 

.25918 

.32968 

.39347 

.45119 

.50341 

.55067 

.59343 

2 

.00468 

.01752 

.03694 

.06155 

.09020 

.12190 

.15581 

.19121 

.22752 

3 

.00015 

.00115 

.00360 

.00793 

.01439 

.02311 

.03414 

.04742 

.06286 

4 

.00000 

.00006 

.00027 

.00078 

.00175 

.00336 

.00575 

.00908 

.01346 

5 

.00000 

.00002 

.00006 

.00017 

.00039 

.00079 

.00141 

.00234 

a 

1 

2 

3 

4 

5 

6 

7 

c 

1 

.63212 

.86467 

.95021 

.98168 

.99326 

.99752 

.99909 

2 

.26424 

.59399 

.80085 

.90842 

•95957 

.98265 

.99271 

3 

,.08030 

,32332 

.57681 

.76190 

.87535 

.93803 

.97036 

4 

.01899 

.14288 

.35277 

.56653 

.73497 

.84880 

.91824 

5 

.00366 

.05265 

.18474 

.37116 

.55951 

.71494 

.82701 

6 

.00059 

.01656 

.08392 

.21487 

.38404 

.55432 

.69929 

7 

.00008 

.00453 

.03351 

.11067 

.23782 

.39370 

.55029 

8 

,,00001 

.00110 

.01191 

.05113 

.13337 

.25602 

.40129 

9 

.00000 

.00024 

.00380 

.02136 

.06809 

.15276 

.27091 

10 

.00005 

.00110 

.00813 

.03183 

.08392 

.16950 

11 

.00001 

.00029 

.00284 

.01370 

.04262 

.09852 

12 

.00007 

.00092 

.00545 

.02009 

•05335 

13 

.00002 

.00027 

.00202 

.00883 

.02700 

14 

.00000 

.00008 

.00070 

.00363 

.01281 

15 

.00002 

.00023 

.00140 

.00572 

16 

.00001 

.00007 

.00051 

.00241 

17 

.00000 

.00002 

.00018 

.00096 

13 

.00001 

.00006 

.00036 

19 

.00000 

.00002 

.00013 

20 

.00001 

.00004 

21 

.00000 

.00001 

22 

.00001 

8  9 


:?fgg  :m 

.98625  .99377 
.95762  -.97877 
.90037  .94504 


.80876 

.68663 

.54704 

.40745 

.28338 


.88431 
.79322 
. 67610 


.18411  .29401 
.11192  .19699 
.06380  .12423 
.03418  .07385 
.01726  .04147 


.00823  .02204 
.00372  .01111 
.00159  .00532 
.00065  .00243 
.00025  .00106 

.00009  .00044 
.00003  .00018 


a  10  20  30  40  50  60  70  80  90  100 

C/a  99995 
.2  99950  1.000 

.3  99723  99993  1.000  1.000 

.4  98966  99922  99994  99999  1.000  1.000 

.5  97075  99501  99908  99982  99997  99999  1.000  1.000  1.000  1.000 

.6  93291  97861  99273  99745  99908  99967  99988  99996  99998  99999 

.7  86986  93387  96471  98066  98922  99392  99654  99802  99886  99934 

.8  77978  84349  88535  91448  93543  95082  96230  97095  97752  98255 

.9  66718  70297  73266  75759  77896  79759  81403  82867  84181  85365 

1.0  54207  52974  52428  52103  51881  51717  51589  51487  51402  51330 

1.1  41696  35630  31546  28378  25769  23551  21623  19925  18413  17056 

1.2  30322  21251  15738  11958  09227  07193  05650  04464  03543  02823 

1.3  20844  11219  06484  03874  02360  01457  00908  00570  00360  00228 

1.4  13554  05248  02211  00968  00433  00197  00091  00042  00020  00009 

1.5  08346  02182  00627  00188  OOO58  00018 

1.6  04874  00809  00149  00029 

1.7  02704  00269  00030 

1.8  01428  00080 

1.9  00719 

2.0  00345 

2.1  00159 

2.2  00070 


Footnote:  For  values  of  P(c,a)  from  the  above  c1*  atlve  Poisson 
table,  one  can  linearly  Interpolate,  by  using  Normal  table  C6 
with  the  fitting  t,  within  .C01  f0r  a  <40  and  within  .002  for 
a* 100. 
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APPENDIX  E 


SUM ARY  OF  RECOMMENDED  PROCEDURES  FOR  OBTAIN  I NO  VALUES  OF  THE  CUMULATIVE 
6  BINOMIAL  PROBABILITY  B  WITHIN  3 -DECIMAL  ACCURACY  UNIVERSALLY. 

'  rr-n-i - j—| - '  '  |  '  '  ”| - !  '  r-r-l  ,-,n 

n-x 


B 


■  r 


n  I 


x=c  x! (n-x) I 


..PX  q' 


ie  the  chance 
of  obtaining 
at  least  c  suc¬ 
cesses  in  n  trials  for  probability  P  of 
success  in  a  single  trial,  where  q=1-p 
and  B  is  the  sum  of  chances  of  obtaining 
c,  c-+-t,  . ..,  n  successes  in  n  trials. 

From  percentage  point  values,  see  if  the 
value  of  c  is  such  that  ,COl<B<.999.  If 
so,  proceed  as  follows: 

In  region  "B"  and  adjoining  regions  for 
which  a  table  of  B  is  available,  use  the 
j  table  as  far  as  it  goes*  For  other  sig¬ 
nificant  regions,  use  approximations  to  B. 

In  region  "N".  use  Normal  probability  ta¬ 
ble-  to  obtain  the  Normal  approximation 


N(tc)  =  .5 


-  f 


*0(t)dt  where 


tc  =  (c-a-.5)/o’  ,  arnp,  o'  =Vnpq  and 

!  0(t)  =  -L  e-t2/2 
V2tt 

In-regjon  "GCA",  use  Normal  tables  to  ob¬ 
tain  the  2-term  Gram-Charller  series, 
type  A,  approximation: 

^A^c^  -  N^c>  “  P-q  0^2  (t  )  where  the 

w~  0 

J  2nd  derivative  0^2)(tc)  =  ( tc2-1 )0( tc ) . 

In  region  "G-CAr1.1  use  the  remainder  modi¬ 
fication  of  the  preceding  equation:for  c>1: 

=  N(t  )  +  o C0(2> 


N 


Ar  -  "v«»c#  T  (tc)  +  r(tc)/np 

where  051  (.5-p),G7  and  r(te)  can 
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L _ Lj_J  Poisson  probabilities 


Use 


B(0,n,p)=1  and  B( 1 ,n, p)= 1 -qn  for  2<a<2.5. 
±H — PQftlQn  P  ,  use  a  table  of  c uiaulati ve 


P  or  P(  c,  a)  ;  2_,  ax  e~a 

xl 


Z00 

x=c 


l£L_£££lon_^G-CB^ ,  use  table  of  P  with  the 
2 -term  G-ram-Charlier  series,  type  B: 


:  P(c,a) 

LJ2  jp(c,a)  -2P(c-1 ,  a) -f-P  (c-2 ,  a)j 


.2  p  .5 


1  PB(c,a) 
where  P(0,a )=P(-1 ,a) -P( -2,a) =1 . 
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